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PREFACE TO THE FIRST EDITION.

THE following pages contain an account of certain mathematical
recreations, problems, and speculations of past and present times. I
hasten to add that the conclusions are of no practical use, and most
of the results are not new. If therefore the reader proceeds further he
is at least forewarned.

At the same time I think I may assert that many of the diversions—
particularly those in the latter half of the book—are interesting, not
a few are associated with the names of distinguished mathematicians,
while hitherto several of the memoirs quoted have not been easily ac-
cessible to English readers.

The book is divided into two parts, but in both parts I have in-

cluded questions which involve advanced mathematics.

The first part consists of seven chapters, in which are included var-
ious problems and amusements of the kind usually called mathematical
recreations. The questions discussed in the first of these chapters are
connected with arithmetic; those in the second with geometry; and
those in the third relate to mechanics. The fourth chapter contains
an account of some miscellaneous problems which involve both num-
ber and situation; the fifth chapter contains a concise account of magic

squares; and the sixth and seventh chapters deal with some unicursal
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problems. Several of the questions mentioned in the first three chap-
ters are of a somewhat trivial character, and had they been treated in
any standard English work to which I could have referred the reader, I
should have pointed them out. In the absence of such a work, I thought
it best to insert them and trust to the judicious reader to omit them
altogether or to skim them as he feels inclined.

The second part consists of five chapters, which are mostly histori-
cal. They deal respectively with three classical problems in geometry—
namely, the duplication of the cube, the trisection of an angle, and the
quadrature of the circle—astrology, the hypotheses as to the nature of
space and mass, and a means of measuring time.

I have inserted detailed references, as far as I know, as to the sources
of the various questions and solutions given; also, wherever I have given
only the result of a theorem, I have tried to indicate authorities where
a proof may be found. In general, unless it is stated otherwise, I have
taken the references direct from the original works; but, in spite of
considerable time spent in verifying them, I dare not suppose that they
are free from all errors or misprints.

I shall be grateful for notices of additions or corrections which may

occur to any of my readers.

W.W. ROUSE BALL

TRINITY COLLEGE, CAMBRIDGE.
February, 1892.
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NOTE TO THE FOURTH EDITION.

IN this edition I have inserted in the earlier chapters descriptions of
several additional Recreations involving elementary mathematics, and
I have added in the second part chapters on the History of the Mathe-
matical Tripos at Cambridge, Mersenne’s Numbers, and Cryptography
and Ciphers.

It is with some hesitation that I include in the book the chapters on
Astrology and Ciphers, for these subjects are only remotely connected
with Mathematics, but to afford myself some latitude I have altered

the title of the second part to Miscellaneous Essays and Problems.

W.W.R.B.

TRINITY COLLEGE, CAMBRIDGE.
13 May, 1905.
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PART 1.

Mathematical Recreations.

“Les hommes ne sont jamais plus ingénieux

que dans l'tnvention des jeux; ’esprit s’y trouve a
son aise. ... Aprés les jeur qui dépendent unique-
ment des nombres viennent les jeux ou entre la situ-
ation. ... Apreés les jeux ou n’entrent que le nombre
et la situation viendraient les jeux ou entre le mou-
vement. ... Enfin il serait a souhaiter qu’on edt un
cours entier des jeux, traités mathématiquement.”
(Leibnitz: letter to De Montmort, July 29, 1715.)
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CHAPTER I.

SOME ARITHMETICAL QUESTIONS.

THE interest excited by statements of the relations between num-
bers of certain forms has been often remarked. The majority of works
on mathematical recreations include several such problems, which are
obvious to any one acquainted with the elements of algebra, but which
to many who are ignorant of that subject possess the same kind of
charm that some mathematicians find in the more recondite proposi-
tions of higher arithmetic. I shall devote the bulk of this chapter to
these elementary problems, but I append a few remarks on one or two
questions in the theory of numbers.

Before entering on the subject of the chapter, I may add that a
large proportion of the elementary questions mentioned here and in
the following two chapters are taken from one of two sources. The first
of these is the classical Problemes plaisans et délectables, by C.G. Ba-
chet, sieur de Méziriac, of which the first edition was published in 1612
and the second in 1624: it is to the edition of 1624 that the references
hereafter given apply. Several of Bachet’s problems are taken from the
writings of Alcuin, Pacioli di Burgo, Tartaglia, or Cardan, and possi-
bly some of them are of oriental origin, but I have made no attempt
to add such references. The other source to which I alluded above is
Ozanam’s Récréations mathématiques et physiques. The greater por-
tion of the original edition, published in two volumes at Paris in 1694,
was a compilation from the works of Bachet, Leurechon, Mydorge, van
Etten, and Oughtred: this part is excellent, but the same cannot be
said of the additions due to Ozanam. In the Biographie Universelle al-
lusion is made to subsequent editions issued in 1720, 1735, 1741, 1778,

2
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CH. I] ARITHMETICAL RECREATIONS. 3

and 1790; doubtless these references are correct, but the following edi-
tions, all of which I have seen, are the only ones of which I have any
knowledge. In 1696 an edition was issued at Amsterdam. In 1723—
six years after the death of Ozanam—one was issued in three volumes,
with a supplementary fourth volume, containing (among other things)
an appendix on puzzles: I believe that it would be difficult to find in
any of the books current in England on mathematical amusements as
many as a dozen puzzles which are not contained in one of these four
volumes. Fresh editions were issued in 1741, 1750 (the second volume
of which bears the date 1749), 1770, and 1790. The edition of 1750 is
said to have been corrected by Montucla on condition that his name
should not be associated with it; but the edition of 1790 is the earliest
one in which reference is made to these corrections, though the editor is
referred to only as Monsieur M***. Montucla expunged most of what
was actually incorrect in the older editions, and added several historical
notes, but unfortunately his scruples prevented him from striking out
the accounts of numerous trivial experiments and truisms which over-
load the work. An English translation of the original edition appeared
in 1708, and I believe ran through four editions, the last of them being
published in Dublin in 1790. Montucla’s revision of 1790 was translated
by C. Hutton, and editions of this were issued in 1803, in 1814, and (in
one volume) in 1840: my references are to the editions of 1803 and 1840.

I proceed now to enumerate some of the elementary questions con-
nected with numbers which for nearly three centuries have formed a
large part of most compilations of mathematical amusements. They
are given here mainly for their historical—not for their arithmetical—
interest; and perhaps a mathematician may well omit them, and pass
at once to the latter part of this chapter.

These questions are of the nature of tricks or puzzles and I follow
the usual course and present them in that form. I may note however
that most of them are not worth proposing, even as tricks, unless either
the modus operandi is disguised or the result arrived at is different
from that expected; but, as [ am not writing on conjuring, I refrain
from alluding to the means of disguising the operations indicated, and
give merely a bare enumeration of the steps essential to the success of
the method used, though I may recall the fundamental rule that no
trick, however good, will bear immediate repetition, and that, if it is
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4 ARITHMETICAL RECREATIONS. [CH. I

necessary to appear to repeat it, a different method of obtaining the
result should be used.

TO FIND A NUMBER SELECTED BY SOME ONE. There are in-
numerable ways of finding a number chosen by some one, provided the
result of certain operations on it is known. I confine myself to methods
typical of those commonly used. Any one acquainted with algebra will
find no difficulty in modifying the rules here given or framing new ones
of an analogous nature.

First Method™. (i) Ask the person who has chosen the number to
treble it. (ii) Enquire if the product is even or odd: if it is even, request
him to take half of it; if it is odd, request him to add unity to it and
then to take half of it. (iii) Tell him to multiply the result of the second
step by 3. (iv) Ask how many integral times 9 divides into the latter
product: suppose the answer to be n. (v) Then the number thought of
was 2n or 2n + 1, according as the result of step (i) was even or odd.

The demonstration is obvious. Every even number is of the form
2n, and the successive operations applied to this give (i) 6n, which is
even; (ii) $6n = 3n; (iii) 3 X 3n = 9n; (iv) §9n = n; (v) 2n. Every odd
number is of the form 2n + 1, and the successive operations applied
to this give (i) 6n + 3, which is odd; (ii) 3(6n + 3 + 1) = 3n + 2;
(ili) 3(3n +2) = In +6; (iv) §(9n + 6) = n + a remainder; (v) 2n + 1.
These results lead to the rule given above.

Second Method'. Ask the person who has chosen the number to
perform in succession the following operations. (i) To multiply the
number by 5. (ii) To add 6 to the product. (iii) To multiply the sum
by 4. (iv) To add 9 to the product. (v) To multiply the sum by 5. Ask
to be told the result of the last operation: if from this product 165 is
subtracted, and then the remainder is divided by 100, the quotient will
be the number thought of originally.

For let n be the number selected. Then the successive operations
applied to it give (i) 5n; (ii) 5n + 6; (iii) 20n + 24; (iv) 20n + 33;
(v) 100n + 165. Hence the rule.

Third Method*. Request the person who has thought of the num-
ber to perform the following operations. (i) To multiply it by any
number you like, say, a. (ii) To divide the product by any number,

*  Bachet, Problémes plaisans, Lyons, 1624, problem I, p. 53.

t A similar rule was given by Bachet, problem 1v, p. 74.
I Bachet, problem v, p. 80.
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CH. I] ELEMENTARY TRICKS AND PROBLEMS. 5

say, b. (iii) To multiply the quotient by c. (iv) To divide this result
by d. (v) To divide the final result by the number selected originally.
(vi) To add to the result of operation (v) the number thought of at
first. Ask for the sum so found: then, if ac/bd is subtracted from this
sum, the remainder will be the number chosen originally.

For, if n was the number selected, the result of the first four op-
erations is to form nac/bd; operation (v) gives ac/bd; and (vi) gives
n + (ac/bd), which number is mentioned. But ac/bd is known; hence,
subtracting it from the number mentioned, n is found. Of course a, b,
¢, d may have any numerical values it is liked to assign to them. For
example, if a = 12, b =4, ¢ = 7, d = 3 it is sufficient to subtract 7
from the final result in order to obtain the number originally selected.

Fourth Method”. Ask some one to select a number less than 90.
(i) Request him to multiply it by 10, and to add any number he pleases,
a, which is less than 10. (ii) Request him to divide the result of step (i)
by 3, and to mention the remainder, say, b. (iii) Request him to multiply
the quotient obtained in step (ii) by 10, and to add any number he
pleases, ¢, which is less than 10. (iv) Request him to divide the result
of step (iii) by 3, and to mention the remainder, say d, and the third
digit (from the right) of the quotient; suppose this digit is e. Then,
if the numbers a, b, ¢, d, e are known, the original number can be at
once determined. In fact, if the number is 92 + y, where x % 9 and
y # 8, and if r is the remainder when a — b + 3(c — d) is divided by
9, we have x = e, y = 9 —r.

The demonstration is not difficult. For if the selected number is
9z+y, step (i) gives 90z+10y-+a; (ii) let y+a = 3n+0b, then the quotient
obtained in step (ii) is 30z 4 3y +n; step (iii) gives 300z + 30y + 10n +¢;
(iv) let n + ¢ = 3m + d, then the quotient obtained in step (iv) is
100z + 10y 4 3n 4+ m, which I will denote by ). Now the third digit
in () must be x, because, since y # 8 and a ¥ 9, we have n % 5; and
since n ¥ 5 and ¢ ¥ 9, we have m » 4; therefore 10y 4+ 3n + m % 99.
Hence the third or hundreds digit in @ is x.

Again, from the relations y +a = 3n + b and n + ¢ = 3m + d,
we have 9m —y = a — b+ 3(c — d): hence, if r is the remainder when
a—b+3(c—d) is divided by 9, we have y = 9—r. [This is always true, if
we make 7 positive; but if a—b+3(c—d) is negative, it is simpler to take
y as equal to its numerical value; or we may prevent the occurrence of

*  FEducational Times, London, May 1, 1895, vol. XLvIII, p. 234.
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this case by assigning proper values to a and c¢.] Thus = and y are both
known, and therefore the number selected, namely 9x + y, is known.

Fifth Method". Ask any one to select a number less than 60.
(i) Request him to divide it by 3 and mention the remainder; sup-
pose it to be a. (ii) Request him to divide it by 4, and mention the
remainder; suppose it to be b. (iii) Request him to divide it by 5, and
mention the remainder; suppose it to be ¢. Then the number selected
is the remainder obtained by dividing 40a + 45b + 36¢ by 60.

This method can be generalized and then will apply to any number
chosen. Let a/,b',c,... be a series of numbers prime to one another,
and let p be their product. Let n be any number less than p, and let
a,b,c,... be the remainders when n is divided by o', V', ¢, ... respec-
tively. Find a number A which is a multiple of the product ¢'d'd’ - - -
and which exceeds by unity a multiple of @’. Find a number B which is
a multiple of a’c’d’ - - - and which exceeds by unity a multiple of ¢'; and
similarly find analogous numbers C, D, .... Rules for the calculation
of A, B,C,... are given in the theory of numbers, but in general, if the
numbers a, b, ¢, ... are small, the corresponding numbers, A, B,C, ...
can be found by inspection. I proceed to show that n is equal to the
remainder when Aa + Bb+ Cc + --- is divided by p.

Let N = Aa+Bb+Cec+---, and let M (x) stand for a multiple of x.

Now A = M(a') + 1, therefore Aa = M(a’) + a. Hence, if the first
term in N, that is Aa, is divided by o/, the remainder is a. Again,
B is a multiple of a'dd'---. Therefore Bb is exactly divisible by a'.
Similarly Ce, Dd, ... are each exactly divisible by a/. Thus every term
in IV, except the first, is exactly divisible by a’. Hence, if N is divided
by d’, the remainder is a. But if n is divided by a/, the remainder is a.

Therefore N —n=M(d).
Similarly N—n=M(®),
N —n=M(),
But o', V', ¢, ... are prime to one another.
" N—n=M(@Vd )= M(p)),
that is, N=M(p)+n.

*  Bachet, problem VI, p. 84: Bachet added, on p. 87, a note on the previous

history of the problem.


• Project • Gutenberg • #26839 •


CH. I] ELEMENTARY TRICKS AND PROBLEMS. 7

Now n is less than p, hence if N is divided by p, the remainder is n.

The rule given by Bachet corresponds to the case of @’ = 3, b’ = 4,
d =5 p=60, A=40, B = 45, C = 36. If the number chosen is
less than 420, we may take o' = 3,0 =4, ¢ =5, d =7, p = 420,
A =280, B = 105, C = 336, D = 120.

TO FIND THE RESULT OF A SERIES OF OPERATIONS PERFORMED
ON ANY NUMBER (unknown to the questioner) WITHOUT ASKING ANY
QUESTIONS.  All rules for solving such problems ultimately depend
on so arranging the operations that the number disappears from the
final result. Four examples will suffice.

First Example”. Request some one to think of a number. Suppose
it to be n. Ask him (i) to multiply it by any number you please (say)
a; (ii) then to add (say) b; (iii) then to divide the sum by (say) c.
(iv) Next, tell him to take a/c of the number originally chosen; and
(v) to subtract this from the result of the third operation. The result
of the first three operations is (na + b)/c, and the result of operation
(iv) is na/c: the difference between these is b/c, and therefore is known
to you. For example, if a = 6, b = 12, ¢ = 4, and a/c = 1%, then
the final result is 3.

Second Ezample’. Ask A to take any number of counters that he
pleases: suppose that he takes n counters. (i) Ask some one else, say
B, to take p times as many, where p is any number you like to choose.
(ii) Request A to give ¢ of his counters to B, where ¢ is any number you
like to select. (iii) Next, ask B to transfer to A a number of counters
equal to p times as many counters as A has in his possession. Then
there will remain in B’s hands g(p+ 1) counters: this number is known
to you; and the trick can be finished either by mentioning it or in any
other way you like.

The reason is as follows. The result of operation (ii) is that B has
pn + q counters, and A has n — ¢ counters. The result of (iii) is that
B transfers p(n — ¢) counters to A: hence he has left in his possession
(pn + q) — p(n — q) counters, that is, he has q(p + 1).

For example, if originally A took any number of counters, then (if
you chose p equal to 2), first you would ask B to take twice as many
counters as A had done; next (if you chose ¢ equal to 3) you would ask

*  Bachet, problem viiI, p. 102.
1 Bachet, problem X111, p. 123: Bachet presented the above trick in a somewhat
more general form, but one which is less effective in practice.
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A to give 3 counters to B; and then you would ask B to give to A a
number of counters equal to twice the number then in A’s possession;
after this was done you would know that B had 3(2+ 1), that is, 9 left.

This trick (as also some of the following problems) may be per-

formed equally well with one person, in which case A may stand for
his right hand and B for his left hand.

Third Example. Ask some one to perform in succession the follow-
ing operations. (i) Take any number of three digits. (ii) Form a new
number by reversing the order of the digits. (iii) Find the difference of
these two numbers. (iv) Form another number by reversing the order of
the digits in this difference. (v) Add together the results of (iii) and (iv).
Then the sum obtained as the result of this last operation will be 1089.

An illustration and the explanation of the rule are given below.

(i) 732 100c + 10b + a
(
(

i) 495 100(a—c—1) + 90+ (10 +c—a)
) 594 100(104+c¢—a)+ 90+ (a—c—1)

(v) 1089 900 +180+9

(i) 237 100a + 10b + ¢

1v

Fourth Example”. The following trick depends on the same prin-
ciple. Ask some one to perform in succession the following operations.
(i) To write down any sum of money less than £12; the number of
pounds not being the same as the number of pence. (ii) To reverse
this sum, that is, to write down a sum of money obtained from it by
interchanging the numbers of pounds and pence. (iii) To find the differ-
ence between the results of (i) and (ii). (iv) To reverse this difference.
(v) To add together the results of (iii) and (iv). Then this sum will
be £12. 18s. 11d.

*  Fducational Times Reprints, 1890, vol. LI, p. 78.
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For instance, take the sum £10. 17s. 5d.; we have

£, s d
) i 10 17 5
() e 5 17 10
(i) .oeernn. 419 7
(V) oo 719 4
(V) e 12 18 11

The following work explains the rule, and shows that the final result
is independent of the sum written down initially.

£. S. .

(i) o, a b c

(i) ...l c b a
(i) oo a—c— 1 19 c—a-+12
(iv) oo c—a+12 19 a—c— 1

(V) e 11 38 11

The rule can be generalized to cover any system of monetary units.

PROBLEMS INVOLVING TwO NUMBERS. I proceed next to give
a couple of examples of a class of problems which involve two numbers.

First Ezample”. Suppose that there are two numbers, one even
and the other odd, and that a person A is asked to select one of them,
and that another person B takes the other. It is desired to know
whether A selected the even or the odd number. Ask A to multiply
his number by 2 (or any even number) and B to multiply his by 3
(or any odd number). Request them to add the two products together
and tell you the sum. If it is even, then originally A selected the odd
number, but if it is odd, then originally A selected the even number.
The reason is obvious.

Second Examplet. The above rule was extended by Bachet to any
two numbers, provided they were prime to one another and one of them

*  Bachet, problem 1x, p. 107.
1 Bachet, problem X1, p. 113.
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was not itself a prime. Let the numbers be m and n, and suppose that n
is exactly divisible by p. Ask A to select one of these numbers, and B to
take the other. Choose a number prime to p, say q. Ask A to multiply
his number by ¢, and B to multiply his number by p. Request them
to add the products together and state the sum. Then A originally
selected m or n, according as this result is not or is divisible by p. For
example, m =7, n =15, p = 3, ¢ = 2.

PROBLEMS DEPENDING ON THE SCALE OF NOTATION. Many
of the rules for finding two or more numbers depend on the fact that
in arithmetic an integral number is denoted by a succession of digits,
where each digit represents the product of that digit and a power of ten,
and the number is equal to the sum of these products. For example,
2017 signifies (2 x 103) + (0 x 10%) 4 (1 x 10) + 7; that is, the 2 represents
2 thousands, i.e. the product of 2 and 103, the 0 represents 0 hundreds,
i.e. the product of 0 and 10?; the 1 represents 1 ten, i.e. the product of 1
and 10, and the 7 represents 7 units. Thus every digit has a local value.

The application to tricks connected with numbers will be under-
stood readily from three illustrative examples.

First Example”. A common conjuring trick is to ask a boy among
the audience to throw two dice, or to select at random from a box a
domino on each half of which is a number. The boy is then told to
recollect the two numbers thus obtained, to choose either of them, to
multiply it by 5, to add 7 to the result, to double this result, and lastly
to add to this the other number. From the number thus obtained, the
conjurer subtracts 14, and obtains a number of two digits which are
the two numbers chosen originally.

For suppose that the boy selected the numbers a and b. Each of
these is less than ten—dice or dominoes ensuring this. The successive
operations give (i) 5a; (i) 5a+7; (iii) 10a+14; (iv) 10a+14+0b. Hence,
if 14 is subtracted from the final result, there will be left a number of
two digits, and these digits are the numbers selected originally. An
analogous trick might be performed in other scales of notation if it was
thought necessary to disguise the process further.

*  Some similar questions were given by Bachet in problem XI11, p. 117; by Oughtred

in his Mathematicall Recreations (translated from or founded on van Etten’s
work of 1633), London, 1653, problem xxxX1v; and by Ozanam, part I, chapter X.
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Second Example”. Similarly, if three numbers, say, a, b, ¢, are
chosen, then, if each of them is less than ten, they can be found by the
following rule. (i) Take one of the numbers, say, a, and multiply it by
2. (ii) Add 3 to the product; the result is 2a + 3. (iii) Multiply this by
5, and add 7 to the product; the result is 10a + 22. (iv) To this sum
add the second number. (v) Multiply the result by 2. (vi) Add 3 to the
product. (vii) Multiply by 5, and add the third number to the product.
The result is 100a + 10b+ ¢+ 235. Hence, if the final result is known, it
is sufficient to subtract 235 from it, and the remainder will be a number
of three digits. These digits are the numbers chosen originally.

I have seen a similar rule applied to determine the birthday and
age of some one in the audience. The result is a number of six digits,
of which the first two digits give the day of the month, the middle two
digits the number of the month, and the last two digits the present age.

Third Example’. The following rule for finding a man’s age is of
the same kind. Take the tens digit of the year of birth; (i) multiply it
by 5; (ii) to the product add 2; (iii) multiply the result by 2; (iv) to
this product add the units digit of the birth-year; (v) subtract the sum
from 110. The result is the man’s age in 1906.

The algebraic proof of the rule is obvious. Let a and b be the tens
and units digits of the birth-year. The successive operations give (i) 5a;
(ii) ba + 2; (iii) 10a + 4 (iv) 10a + 4 + b; (v) 106 — (10a + b), which
is his age in 1906. The rule can be easily adapted to give the age in
any specified year.

OTHER PROBLEMS WITH NUMBERS IN THE DENARY SCALE. [
may mention here two or three other slight problems dependent on the
common scale of notation, which, as far as I am aware, are unknown
to most compilers of books of puzzles.

First Problem. The first of them is as follows. Take any number
of three digits: reverse the order of the digits: subtract the number so
formed from the original number: then, if the last digit of the difference
is mentioned, all the digits in the difference are known.

For let a be the hundreds digit of the number chosen, b be the tens
digit, and ¢ be the units digit. Therefore the number is 100a + 10b + c.
The number obtained by reversing the digits is 100c + 100 + a. The

*  Bachet gave some similar questions in problem XI1, p. 117.

t A similar question was given by Laisant and Perrin in their Algébre, Paris, 1892;
and in L’[llustration for July 13, 1895.
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difference of these numbers is equal to (100a+c¢) — (100c+a), that is, to
99(a — ¢). But a — ¢ is not greater than 9, and therefore the remainder
can only be 99, 198, 297, 396, 495, 594, 693, 792, or 891—in each case
the middle digit being 9 and the digit before it (if any) being equal to
the difference between 9 and the last digit. Hence, if the last digit is
known, so is the whole of the remainder.

Second Problem. The second problem is somewhat similar and is
as follows. (i) Take any number; (ii) reverse the digits; (iii) find the
difference between the number formed in (ii) and the given number;
(iv) multiply this difference by any number you like to name; (v) cross
out any digit except a nought; (vi) read the remainder. Then the sum of
the digits in the remainder subtracted from the next highest multiple
of nine will give the figure struck out.

This follows at once from the fact that the result of operation (iii)—
and therefore also of operation (iv)—is necessarily a multiple of nine,
and it is known that the sum of the digits of every multiple of nine is
itself a multiple of nine.

Miscellaneous Questions. Besides these problems, properly so
called, there are numerous questions on numbers which can be solved
empirically, but which are of no special mathematical interest.

As an instance I may quote a question which attracted some at-
tention in London in 1893, and may be enunciated as follows. With
the seven digits 9, 8, 7, 6, 5, 4, 0 express three numbers whose sum
is 82: each digit, being used only once, and the use of the usual no-
tations for fractions being allowed. One solution is 80.69 + .74 + .5.
Similar questions are with the ten digits, 9, 8, 7, 6, 5, 4, 3, 2, 1, 0, to
express numbers whose sum is unity; a solution is 35/70 and 148/296.
If the sum were 100, a solution would be 50, 49, 1/2, and 38/76. A
less straightforward question would be, with the nine digits, 9, 8, 7,
6, 5, 4, 3, 2, 1, to express four numbers whose sum is 100; a solution

is 78, 15, v/9, and v/64.

PROBLEMS WITH A SERIES OF THINGS WHICH ARE NUMBERED.
Any collection of things which can be distinguished one from the
other—especially if numbered consecutively—afford easy concrete il-
lustrations of questions depending on these elementary properties of
numbers. As examples I proceed to enumerate a few familiar tricks.
The first two of these are commonly shown by the use of a watch,
the last three are best exemplified by the use of a pack of playing
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cards, which readily lend themselves to such illustrations, and I present
them in these forms.

First Example”. The first of these examples is connected with the
hours marked on the face of a watch. In this puzzle some one is asked
to think of some hour, say, m, and then to touch a number that marks
another hour, say, n. Then if, beginning with the number touched, he
taps each successive hour marked on the face of the watch, going in
the opposite direction to that in which the hands of the watch move,
and reckoning to himself the taps as m, (m + 1), &c., the (n + 12)th
tap will be on the hour he thought of. For example, if he thinks of v
and touches 1X, then, if he taps successively 1X, VIII, VII, VI, ..., going
backwards and reckoning them respectively as 5, 6, 7, 8, ..., the tap
which he reckons as 21 will be on the V.

The reason of the rule is obvious, for he arrives finally at the
(n 4+ 12 — m)th hour from which he started. Now, since he goes in
the opposite direction to that in which the hands of the watch move,
he has to go over (n —m) hours to reach the hour m: also it will make
no difference if in addition he goes over 12 hours, since the only effect of
this is to take him once completely round the circle. Now (n+ 12 —m)
is always positive, since m < 12, and therefore if we make him pass
over (n+ 12 —m) hours we can give the rule in a form which is equally
valid whether m is greater or less than n.

Second Example. The following is another well-known way of in-
dicating on a watch-dial an hour selected by some one. I do not know
who first invented it. If the hour is tapped by a pencil beginning at
vII and proceeding backwards round the dial to vi, v, &c., and if the
person who selected the number counts the taps, reckoning from the
hour selected (thus, if he selected X, he would reckon the first tap as the
11th), then the 20th tap as reckoned by him will be on the hour chosen.

For suppose he selected the nth hour. Then the 8th tap is on XII
and is reckoned by him as the (n + 8)th. The tap which he reckons as
(n+9)th is on X1, and generally the tap which he reckons as (n + p)th
is on the hour (20 — p). Hence, putting p — 20 — n, the tap which he
reckons as 20th is on the hour n. Of course the hours indicated by the
first seven taps are immaterial.

*  Bachet, problem XX, p. 155; Oughtred, Mathematicall Recreations, London,
1653, p. 28.
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Extension. It is obvious that the same trick can be performed
with any collection of m things, such as cards or dominoes, which are
distinguishable one from the other, provided m < 20. For suppose
the m things are arranged on a table in some numerical order, and
the nth thing is selected by a spectator. Then the first (19 — m) taps
are immaterial, the (20 — m)th tap must be on the mth thing and be
reckoned by the spectator as the (n+20—m)th, the (20 —m+ 1)th tap
must be on the (m—1)th thing and be reckoned as the (n+20—m+1)th,
and finally the (20 — n)th tap will be on the nth thing and is reckoned
as the 20th tap.

Third Example. The following example rests on an extension of
the method used in the last question; it is very simple, but I have never
seen it previously described in print. Suppose that a pack of n cards
is given to some one who is asked to select one out of the first m cards
and to remember (but not to mention) what is its number from the top
of the pack (say it is actually the xth card in the pack). Then take
the pack, reverse the order of the top m cards (which can be easily
effected by shuffling), and transfer y cards (where y < n — m) from
the bottom to the top of the pack. The effect of this is that the card
originally chosen is now the (y +m — x + 1)th from the top. Return
to the spectator the pack so rearranged, and ask that the top card be
counted as the (z + 1)th, the next as the (x4 2)th, and so on, in which
case the card originally chosen will be the (y+m + 1)th. Now y and m
can be chosen as we please, and may be varied every time the trick is
performed; thus any one unskilled in arithmetic will not readily detect
the modus operandi.

Fourth Exzample”. Place a card on the table, and on it place as
many other cards from the pack as with the number of pips on the
card will make a total of twelve. For example, if the card placed first
on the table is the five of clubs, then seven additional cards must be
placed on it. The court cards may have any values assigned to them,
but usually they are reckoned as tens. This is done again with another
card, and thus another pile is formed. The operation may be repeated
either only three or four times or as often as the pack will permit of
such piles being formed. If finally there are p such piles, and if the
number of cards left over is r, then the sum of the number of pips on
the bottom cards of all the piles will be 13(p — 4) + .

* A particular case of this problem was given by Bachet, problem xvi1, p. 138.
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For, if x is the number of pips on the bottom card of a pile, the
number of cards in that pile will be 13 — z. A similar argument holds
for each pile. Also there are 52 cards in the pack; and this must be
equal to the sum of the cards in the p piles and the r cards left over.

L (1B—a1) + (13— o) -+ (13— 1)) +7 =52,
L B3p—(xyFae -+ apy) + =52,
L rtxe+ o+ a,=13p =52+
=13(p—4)+r.

More generally, if a pack of n cards is taken, and if in each pile
the sum of the pips on the bottom card and the number of cards put
on it is equal to m, then the sum of the pips on the bottom cards of
the piles will be (m + 1)p +r — n. In an écarté pack n = 32, and it
is convenient to take m = 15.

Fifth Example. Tt may be noticed that cutting a pack of cards
never alters the relative position of the cards provided that, if necessary,
we regard the top card as following immediately after the bottom card
in the pack. This is used in the following trick”. Take a pack, and deal
the cards face upwards on the table, calling them one, two, three, &c. as
you put them down, and noting in your own mind the card first dealt.
Ask some one to select a card and recollect its number. Turn the pack
over, and let it be cut (not shuffled) as often as you like. Enquire what
was the number of the card chosen. Then, if you deal, and as soon as
you come to the original first card begin (silently) to count, reckoning
this as one, the selected card will appear at the number mentioned. Of
course, if all the cards are dealt before reaching this number, you must
turn the cards over and go on counting continuously.

Another similar trick is performed by handing the pack face up-
wards to some one, and asking him to select a card and state its num-
ber, reckoning from the top; suppose it to be the nth. Next, ask him
to choose a number at which it shall appear in the pack; suppose he
selects the mth. Take the pack and secretly move m —n cards from the
bottom to the top (or if n is greater than m, then n — m from the top
to the bottom) and of course the card will be in the required position.

*  Bachet, problem XIX, p. 152.
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MEDIEVAL PROBLEMS IN ARITHMETIC.  Before leaving the sub-
ject of these elementary questions, I may mention a few problems which
for centuries have appeared in nearly every collection of mathemati-
cal recreations, and therefore may claim what is almost a prescriptive
right to a place here.

First Ezample . The following is a sample of one class of these
puzzles. Three men robbed a gentleman of a vase, containing 24 ounces
of balsam. Whilst running away they met in a wood with a glass-seller,
of whom in a great hurry they purchased three vessels. On reaching
a place of safety they wished to divide the booty, but they found that
their vessels contained 5, 11, and 13 ounces respectively. How could
they divide the balsam into equal portions?

Problems like this can be worked out only by trial: there are several
solutions, of which one is as follows.

The vessels can contain. ..... 24 oz. 13 o0z. 11 o0z. b5 oz.
Their contents originally are 24 ... 0... 0... 0
First, make their contents ... 0 ... 8... 11... 5...
Second, 7 7 oo 16 . 8... 0... 0...
Third, 7 7 . 16... 0... 8... 0
Fourth, 7 7 oo 3.0 13 ... 8... 0
Fifth, 7 7 oo 3., 8., 8... b
Sixth, 7 7 8 8 .. 8... 0

Second Ezxample’. The next of these is a not uncommon game,
played by two people, say A and B. A begins by mentioning some
number not greater than (say) six, B may add to that any number not
greater than six, A may add to that again any number not greater than
six, and so on. He wins who is the first to reach (say) 50. Obviously, if A
calls 43, then whatever B adds to that, A can win next time. Similarly,
if A calls 36, B cannot prevent A’s calling 43 the next time. In this
way it is clear that the key numbers are those forming the arithmetical
progression 43, 36, 29, 22, 15, 8, 1; and whoever plays first ought to win.

Similarly, if no number greater than m may be added at any one
time, and n is the number to be called by the victor, then the key num-

* Some similar problems were given by Bachet, appendix, problem 111, p. 206;

problem 1X, p. 233; by Oughtred in his Recreations, p. 22: and by Ozanam, 1803
edition, vol. 1, p. 174; 1840 edition, p. 79. Earlier instances occur in Tartaglia’s
writings.

1 Bachet, problem xxii, p. 170.
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bers will be those forming the arithmetical progression whose common
difference is m 4+ 1 and whose smallest term is the remainder obtained
by dividing n by m + 1.

The same game may be played in another form by placing n coins,
matches, or other objects on a table, and directing each player in turn
to take away not more than m of them. Whoever takes away the last
coin wins. Obviously the key numbers are multiples of m + 1, and the
first player who is able to leave an exact multiple of (m 4+ 1) coins can
win. Perhaps a better form of the game is to make that player lose
who takes away the last coin, in which case each of the key numbers
exceeds by unity a multiple of m + 1.

Mr Loyd has also suggested” a modification which is equivalent to
placing n counters in the form of a circle, and allowing each player in
succession to take away not more than m of them which are in unbroken
sequence: m being less than n and greater than unity. In this case the
second of the two players can always win.

Recent Extension of this Problem. The games last described are
very simple, but if we impose on the original problem the additional
restriction that each player may not add the same number more than
three times, the analysis becomes by no means easy. It is difficult in this
case to say whether it is an advantage to begin or not. I have never
seen this extension described in print, and I will therefore enunciate
it at length.

Suppose that each player is given eighteen cards, three of them
marked 6, three marked 5, three marked 4, three marked 3, three
marked 2, and three marked 1. They play alternately; A begins by
playing one of his cards; then B plays one of his, and so on. He wins
who first plays a card which makes the sum of the points or numbers
on all the cards played exactly equal to 50, but he loses if he plays a
card which makes this sum exceed 50. The game can be played men-
tally or by noting the numbers on a piece of paper, and in practice it
is unnecessary to use cards.

Thus, if they play as follows A, 4; B, 3; A, 1; B, 6; A, 3; B, 4;
A 4; B, 5; A, 4; B, 4; A, 5; the game stands at 43. B can now win, for
he may safely play 3, since A has not another 4 wherewith to follow it;
and if A plays less than 4, B will win the next time. Again, if they play

*  Tit-Bits, London, July 17, Aug. 7, 1897.
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thus, A, 6; B, 3; A, 1; B, 6; A, 3; B, 4; A, 2; B, 5, A, 1, B, 5; A, 2;
B, 5; A, 2; B, 3; A is now forced to play 1, and B wins by playing 1.

The game can be also played if each player is given only two cards
of each kind.

Third Ezxample. The following medieval problem is somewhat
more elaborate. Suppose that three people, P, ), R, select three
things, which we may denote by a, e, i, respectively, and that it is
desired to find by whom each object was selected”.

Place 24 counters on a table. Ask P to take one counter, () to take
two counters, and R to take three counters. Next, ask the person who
selected a to take as many counters as he has already, whoever selected
e to take twice as many counters as he has already, and whoever selected
1 to take four times as many counters as he has already. Note how many
counters remain on the table. There are only six ways of distributing
the three things among P, (), and R; and the number of counters
remaining on the table is different for each way. The remainders may
be 1, 2, 3, 5, 6, or 7.

Bachet summed up the results in the mnemonic line Par fer (1)
César (2) jadis (3) devint (5) si grand (6) prince (7). Corresponding to
any remainder is a word or words containing two syllables: for instance,
to the remainder 5 corresponds the word dewvint. The vowel in the
first syllable indicates the thing selected by P, the vowel in the second
syllable indicates the thing selected by (), and of course R selected the
remaining thing. Salve certa animae semita vita quies was suggested
by Oughtred as an alternative mnemonic line.

Extension. M. Bourlet, in the course of a very kindly noticet of
the second edition of this work, has given a much neater solution of the
above question, and has extended the problem to the case of n people,
Py, Py, Ps, ..., P, 1, each of whom selects one object, out of a collection
of n objects, such as dominoes or cards. It is required to know which
domino or card was selected by each person.

Let us suppose the dominoes to be denoted or marked by the num-
bers 0,1,...,n — 1, instead of by vowels. Give one counter to P, two
counters to P,, and generally k counters to P,. Note the number of
counters left on the table. Next ask the person who had chosen the

*  Bachet, problem xxv, p. 187.
t  Mathematicall Recreations, London, 1653, p. 20.
I Bulletin des sciences mathématiques, Paris, 1893, vol. xvi1, pp. 105-107.
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domino 0 to take as many counters as he had already, and generally
whoever had chosen the domino h to take n" times as many dominoes
as he had already: thus if P, had chosen the domino numbered h, he
would take nk counters. Note the total number of counters taken,
i.e. »n"k. Divide it by n, then the remainder will be the number on
the domino selected by Fy; divide the quotient by n, and the remainder
will be the number on the domino selected by P;; divide this quotient
by n, and the remainder will be the number on the domino selected
by P»; and so on. In other words, if the number of counters taken is
expressed in the scale of notation whose radix is n, then the (h 4 1)th
digit from the right will give the number on the domino selected by FP,.

Thus in Bachet’s problem with 3 people and 3 dominoes, we should
first give one counter to (), and two counters to R, while P would have
no counters; then we should ask the person who selected the domino
marked 0 or a to take as many counters as he had already, whoever
selected the domino marked 1 or e to take three times as many counters
as he had already, and whoever selected the domino marked 2 or ¢ to
take nine times as many counters as he had already. By noticing the
original number of counters, and observing that 3 of these had been
given to ) and R, we should know the total number taken by P, @,
and R. If this number were divided by 3, the remainder would be the
number of the domino chosen by P; if the quotient were divided by 3
the remainder would be the number of the domino chosen by @; and
the final quotient would be the number of the domino chosen by R.

[ may add that Bachet also discussed the case when n = 4, which
had been previously considered by Diego Palomino in 1599, but as
M. Bourlet’s method is general, it is unnecessary to discuss further
particular cases.

Decimation. The last of these antique problems to which I referred
consists in placing men round a circle so that if every nth man is killed
the remainder shall be certain specified individuals. When decimation
was a not uncommon punishment a knowledge of this kind may have
had practical interest.

Hegesippus™ says that Josephus saved his life by such a device.
According to his account, after the Romans had captured Jotopat,
Josephus and forty other Jews took refuge in a cave. Josephus, much
to his disgust, found that all except himself and one other man were

*  De Bello Judaico, bk. 111, chaps. 16-18.


• Project • Gutenberg • #26839 •


20 ARITHMETICAL RECREATIONS. [CH. I

resolved to kill themselves, so as not to fall into the hands of their
conquerors. Fearing to show his opposition too openly he consented,
but declared that the operation must be carried out in an orderly way,
and suggested that they should arrange themselves round a circle and
that every third person should be killed until but one man was left,
who must then commit suicide. It is alleged that he placed himself and
the other man in the 31st and 16th place respectively, with a result
which will be easily foreseen.

The question is usually presented in the following form. A ship,
carrying as passengers fifteen Turks and fifteen Christians, encountered
a storm, and the pilot declared that, in order to save the ship and crew,
one-half of the passengers must be thrown into the sea. To choose the
victims the passengers were placed round a circle, and it was agreed
that every ninth man should be cast overboard, reckoning from a certain
point. It is desired to find an arrangement by which all the Christians
should be saved.”

Problems like this can be easily solved by counting, but it is im-
possible to give a general rule. In this case, the Christians, reckoning
from the man first counted, must occupy the places 1, 2, 3, 4, 10, 11,
13, 14, 15, 17, 20, 21, 25, 28, 29. This arrangement can be recollected
by the positions of the vowels in the following doggerel rhyme,

From numbers’ aid and art, never will fame depart,

where a stands for 1, e for 2, ¢ for 3, o for 4, and u for 5. Hence
(looking only at the vowels in the verse) the order is 4 Christians, 5
Turks, 2 Christians, 1 Turk, 3 Christians, 1 Turk, 1 Christian, 2 Turks,
2 Christians, 3 Turks, 1 Christian, 2 Turks, 2 Christians, 1 Turk. Other
similar mnemonic lines in French and in Latin were given by Bachet
and by Ozanam respectively.

ARITHMETICAL FALLACIES. [ insert next some instances of
demonstrations’ leading to arithmetical results which are obviously

*  Bachet, problem xxi11, p. 174. The same problem had been previously enunci-

ated by Tartaglia.

1 Of the fallacies given in the text, the first, second, and third, are well known;
the fourth is not new, but the earliest work in which I recollect seeing it is my
Algebra, Cambridge, 1890, p. 430; the fifth is given in G.C. Chrystal’s Algebra,
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impossible. [ include algebraical proofs as well as arithmetical ones.
The fallacies are so patent that in preparing the first and second
editions I did not think such questions worth printing, but, as some
correspondents have expressed a contrary opinion, I give them for
what they are worth.

First fallacy. One of the oldest of these—and not a very interest-
ing specimen—is as follows. Suppose that a = b, then

ab = a?.

ab—b* =a® —b*.

. bla—0b)=(a+b)(a—0D).

Sob=a+0b.
c.b=2b.
1 =2.

Second Fallacy. Another instance, almost as puerile, is as follows.
Let a and b be two unequal numbers, and let ¢ be their arithmetic
mean, hence

a+b=2c.
(a+Db)(a—0b)=2cla—0D).
. a® — 2ac = b* — 2bc.
o a’ —2ac+ A =b* —2bc+ .
(a—c)=(b—c).

a=b.

Edinburgh, 1889, vol. 11, p. 159; the eighth is due to G.T. Walker, and, as far
as I know, has not appeared in any other book; the ninth is due to D’Alembert;
and the tenth to F. Galton. A mechanical demonstration that 1 = 2 was given
by R. Chartres in Knowledge, July, 1891. J.L.F. Bertrand pointed out that a
demonstration that 1 = —1 can be also obtained from the proposition in the
Integral Calculus that, if the limits are constant, the order of integration is
indifferent; hence the integral to = (from z = 0 to x = 1) of the integral to
y (from y = 0 to y = 1) of a function ¢ should be equal to the integral to y
(from y = 0 to y = 1) of the integral to z (from x = 0 to x = 1) of p, but if

¢ = (2% — y?)/(2® + y?)?, this gives ix = —1x.
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Third Fallacy. Another example, the idea of which is due to John
Bernoulli, may be stated as follows.

We have (-1)*=1.
Take logarithms, o 2log(—=1) =1log1 =0.

log(—1) =0.

—1=¢".

—-1=1.

The same argument may be expressed thus. Let x be a quantity
which satisfies the equation

e’ =—1

Square both sides, e =1,
20 =0.

z=0.

et =el.

Bute®*=—lande’=1, . —1=1.

Fourth Fallacy. As yet another instance, we know that
_ 1,2 1,3
log(1+2) =x —52° + 327 —--- .

If x = 1, the resulting series is convergent; hence we have

log2=1-141—
210g2:2—1+§—

NI =
|

Wi o~
+ +

NN 3=
|

W= 00—
+ +

©OIN ©|—
|

+
_|_

GUN o=

Taking those terms together which have a common denominator, we
obtain

1 1 1 1 1 1
2Mog2 = 14+ = — = 4= 42
8 Tty ottt Ta Ty
U ORI
N 2 3 4 5
= log?2.

Hence 2=1.
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Fifth Fallacy. This fallacy is very similar to that last given. We
have

The error in each of the foregoing examples is obvious, but the
fallacies in the next examples are concealed somewhat better.

Sixth Fallacy. We can write the identity +/—1 = v/—1 in the form

hence

therefore (vV=1)? = (V1)?,
1.

that is, —1=

Seventh Fuallacy. Again, we have
VaxVb=+ab.
Hence V—1xv—-1=,/(-1)(-1),
therefore (V=12 =1,
that is, —-1=1.
FEighth Fallacy. The following demonstration depends on the fact
that an algebraical identity is true whatever be the symbols used in it,

and it will appeal only to those who are familiar with this fact.
We have, as an identity,

\/x——yZi\/y——lﬁ ....... (i),

where ¢ stands either for +v/—1 or for —v/—1. Now an identity in x
and y is necessarily true whatever numbers x and y may represent.
First put = a and y = b,

SoVa—b=iwb—a ... (ii).
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Next put + = b and y = a,

oVb—a=iVa—-b (iii).

Also since (i) is an identity, it follows that in (ii) and (iii) the symbol i
must be the same, that is, it represents ++/—1 or —y/—1 in both cases.
Hence, from (ii) and (iii), we have

Va—bvVb—a=i*Vb—ava—b,
o l=42,

that is 1=-1.

Ninth Fallacy. The following fallacy is due to D’Alembert”. We
know that if the product of two numbers is equal to the product of
two other numbers, the numbers will be in proportion, and from the
definition of a proportion it follows that if the first term is greater than
the second, then the third term will be greater than the fourth: thus,
if ad = be, then a : b = ¢ : d, and if in this proportion a > b, then
¢ > d. Now if we put a =d =1 and b = ¢ = —1 we have four numbers
which satisfy the relation ad = bc and such that a > b; hence, by the
proposition, ¢ > d, that is, —1 > 1, which is absurd.

Tenth Fallacy. The mathematical theory of probability leads to
various paradoxes: of these one specimen’ will suffice. Suppose three
coins to be thrown up and the fact whether each comes down head or
tail to be noticed. The probability that all three coins come down head
is clearly (%)3, that is, is %; similarly the probability that all three come
down tail is %: hence the probability that all the coins come down alike
(i.e. either all of them heads or all of them tails) is ;. But, of three coins
thus thrown up, at least two must come down alike; now the probability
that the third coin comes down head is % and the probability that it

comes down tail is %, thus the probability that it comes down the same

as the other two coins is %: hence the probability that all the coins
come down alike is % I leave to my readers to say whether either of

these conflicting conclusions is right and if so, which.

Arithmetical Problems. 'To the above examples I may add the fol-
lowing questions, which I have often propounded in past years: though
not fallacies, they may serve to illustrate the fact that the answer to

*  Opuscules mathématiques, Paris, 1761, vol. 1, p. 201.

1 See Nature, Feb. 15, March 1, 1894, vol. XLIX, pp. 365-366, 413.
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an arithmetical question is frequently different to what a hasty reader
might suppose.

The first of these questions is as follows. Two clerks are engaged,
one at a salary commencing at the rate of (say) £100 a year with a rise
of £20 every year, the other at a salary commencing at the same rate
(£100 a year) with a rise of £5 every half-year, in each case payments
being made half-yearly: which has the larger income? The answer is
the latter; for in the first year the first clerk receives £100, but the
second clerk receives £50 and £55 as his two half-yearly payments and
thus receives in all £105. In the second year the first clerk receives
£120, but the second clerk receives £60 and £65 as his two half-yearly
payments and thus receives in all £125. In fact the second clerk will
always receive £5 a year more than the first clerk.

As another question take the following. A man bets 1/nth of his
money on an even chance (say tossing heads or tails with a penny): he
repeats this again and again, each time betting 1/nth of all the money
then in his possession. If, finally, the number of times he has won is
equal to the number of times he has lost, has he gained or lost by the
transaction?” He has, in fact, lost.

Here is another simple question to which not unfrequently I have
received incorrect answers. One tumbler is half-full of wine, another is
half-full of water: from the first tumbler a teaspoonful of wine is taken
out and poured into the tumbler containing the water: a teaspoonful
of the mixture in the second tumbler is then transferred to the first
tumbler. As the result of this double transaction, is the quantity of
wine removed from the first tumbler greater or less than the quantity
of water removed from the second tumbler? Nineteen people out of
twenty will say it is greater, but this is not the case.

Routes on a Chess-Board. A not uncommon problem can be gen-
eralised as follows”. Construct a rectangular board of mn cells (or small
squares) by ruling m + 1 vertical lines and n 4 1 horizontal lines. It is
required to know how many routes can be taken from the top left-hand
corner to the bottom right-hand corner, the motion being along the
ruled lines and its direction being always either vertically downwards
or horizontally from left to right. The answer is (m+mn)!/m!n!: thus on
a square board containing 16 cells (i.e. one-quarter of a chess-board),

*  The substance of the problem was given in a scholarship paper set at Cambridge

about 30 years ago, and possibly was not new then.
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where m = n = 4, there are 70 such routes; while on a common chess-
board, where m = n = 8, there are no less than 12870 such routes. A
similar theorem can be enunciated for a parallelopiped.

Another problem of a somewhat similar type is the determination
of the number of closed routes through mn points arranged in m rows
and n columns, following the lines of the quadrilateral net-work, and
passing once and only once through each point”.

Permutation Problems. As other simple illustrations of the very
large number of ways in which combinations of even a few things can
be arranged, I may note that as many as 19,958400 distinct skele-
ton cubes can be formed with twelve differently coloured rods of equal
length'; again there are 3,979614, 965760 ways of arranging a set of
twenty-eight dominoes (i.e. a set from double zero to double six) in
a line, with like numbers in contact; while there are no less than
53644, 737765, 488792, 839237, 440000 possible different distributions of
hands at whist with a pack of fifty-two cards®.

Voting Problems. Here is a simple example on combinations deal-
ing with the cumulative vote as affecting the representation of a mi-
nority. If there are p electors each having r votes of which not more
than s may be given to one candidate, and n men are to be elected,
then the least number of supporters who can secure the election of a
candidate must exceed pr/(ns + r).

Ezxploration Problems. Another common question is concerned
with the maximum distance into a desert which could be reached from
a frontier settlement by the aid of a party of n explorers, each capa-
ble of carrying provisions that would last one man for a days. The
answer is that the man who reaches the greatest distance will occupy
na/(n+ 1) days before he returns to his starting point. If in the course
of their journey they may make depots, the longest possible journey
will occupy 3a(1 + % + 5 + -+ + 1/n) days. Further extensions by the
use of horses and cycles will suggest themselves.

Here I conclude my account of such of these easy problems on

See C.F. Sainte-Marie in L’Intermédiaire des mathématiciens, Paris, vol. XI,
March, 1904, pp. 86-88.

Mathematical Tripos, Cambridge, Part I, 1894.

Reiss in Annali di matematica, Milan, November, 1871, vol. v, pp. 63-120.
That is (52!)/(13!)%.

Lo —-
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numbers or elementary algebra as seemed worth reproducing. It will
be noticed that the majority of them either are due to Bachet or were
collected by him in his classical Problémes; but it should be added
that besides the questions I have mentioned he enunciated, even if he
did not always solve, some other problems of greater interest. One
instance will suffice.

BACHET’S WEIGHTS PROBLEM'. Among the more difficult
problems proposed by Bachet was the determination of the least num-
ber of weights which would serve to weigh any integral number of
pounds from 1 lb. to 40 1Ibs. inclusive. Bachet gave two solutions:
namely, (i) the series of weights of 1, 2, 4, 8, 16, and 32 lbs.; (ii) the
series of weights of 1, 3, 9, and 27 lbs.

If the weights may be placed in only one of the scale-pans, the first
series gives a solution, as had been pointed out in 1556 by Tartaglial.

Bachet, however, assumed that any weight might be placed in either
of the scale-pans. In this case the second series gives the least possible
number of weights required. His reasoning is as follows. To weigh 1 1b.
we must have a 1 1b. weight. To weigh 2 lbs. we must have in addition
either a 2 Ib. weight or a 3 Ib. weight; but, if we are confined to only one
new weight (in addition to the 1 1b. we have got already), then with no
weight greater than 3 lbs. could we weigh 2 lbs.: if we use a 2 Ib. weight
we then can weigh 1 lb., 2 Ibs., and 3 1bs., but if we use a 3 lb. weight
we then can weigh 1 1b., (3 — 1) lbs., 3 lbs., and (3 + 1) lbs.; hence
a 3 lb. weight is preferable. Similarly, to enable us to weigh 5 lbs. we
must have another weight not greater than 9 lbs., and a weight of 9 Ibs.
enables us to weigh every weight from 1 Ib. to 13 lbs.; hence it is the
best to choose. The next weight required will be 2(1+349)+1 1b., that
is, will be 27 Ibs.; and this enables us to weigh from 1 1b. to 40 lbs. Thus
only four weights are required, namely, 1 lb., 3 Ibs., 32 lbs., and 3% Ibs.

We can show similarly that the series of weights of 1, 3, 32, ...,
37! Ibs. will enable us to weigh any integral number of pounds from
11b. to (14+3+3%+---3""1) Ibs., that is, to 5(3" — 1) lbs. This is the
least number with which the problem can be effected.

To determine the arrangement of the weights to weigh any given
mass we have only to express the number of pounds in it as a number
in the ternary scale of notation, except that in finding the successive

*  Bachet, Appendix, problem v, p. 215.

1t Trattato de’ numeri e misure, Venice, 1556, vol. 11, bk. 1, chap. XVI, art. 32.
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digits we must make every remainder either 0, 1, or —1: to effect this
a remainder 2 must be written as 3 — 1, that is, the quotient must
be increased by unity, in which case the remainder is —1. This is
explained in most text-books on algebra.

Bachet’s argument does not prove that his result is unique or that
it gives the least possible number of weights required. These omissions
have been supplied by Major MacMahon, who has discussed the far
more difficult problem (of which Bachet’s is a particular case) of the
determination of all possible sets of weights, not necessarily unequal,
which enable us to weigh any integral number of pounds from 1 to n
inclusive, (i) when the weights may be placed in only one scale-pan,
and (ii) when any weight may be placed in either scale-pan. He has
investigated also the modifications of the results which are necessary
when we impose either or both of the further conditions (a) that no
other weighings are to be possible, and (b) that each weighing is to be
possible in only one way, that is, is to be unique”.

The method for case (i) consists in resolving 1 + x + 22 + -+ - + 2
into factors, each factor being of the form 1+ 2% + 22* + - .- + 2™9; the
number of solutions depends on the composite character of n 4+ 1. The
method for case (ii) consists in resolving the expression ="+~ "*1 4. ..
+a 4+ 14+ 2+ -+ 2" 4+ 2" into factors, each factor being of the
form 27 + ... 4+ 27+ 1+ 2% + - - - + 2™%; the number of solutions
depends on the composite character of 2n + 1.

Bachet’s problem falls under case (ii), n = 40. MacMahon’s anal-
ysis shows that there are eight such ways of factorizing 274 4 2739 +
oo+ 1+ 23 + 2%, First, there is the expression itself in which a = 1,
m = 40. Second, the expression is equal to (1 — z8)/2z19(1 — z),
which can be resolved into the product of (1 — 2?®)/x(1 — x) and
(1 — 28) /2% (1 — 23); hence it can be resolved into two factors of the
form given above, in one of which @ = 1, m = 1, and in the other,
a = 3, m = 13. Third, similarly, it can be resolved into two such
factors, in one of which a = 1, m = 4, and in the other a = 9, m = 4.
Fourth, it can be resolved into three such factors, in one of which a = 1,
m = 1, in another a = 3, m = 1, and in the other, a = 9, m = 4. Fifth,
it can be resolved into two such factors, in one of which a =1, m = 13,

*  See his article in the Quarterly Journal of Mathematics, 1886, vol. XXI, pp. 367—
373. An account of the method is given in Nature, Dec. 4, 1890, vol. XLII,
pp. 113-114.
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and in the other a = 27, m = 1. Sixth, it can be resolved into three
such factors, in one of which a = 1, m = 1, in another a = 3, m = 4,
and in the other a = 27, m = 1. Seventh, it can be resolved into three
such factors, in one of which @ = 1, m = 4, in another a = 9, m = 1,
and in the other a = 27, m = 1. Eighth, it can be resolved into four
such factors, in one of which ¢ = 1, m = 1, in another a = 3, m = 1,
in another a = 9, m = 1, and in the other a = 27, m = 1.

These results show that there are eight possible sets of weights
with which any integral number of pounds from 1 to 40 can be weighed
subject to the conditions (ii), (a), and (b). If we denote p weights each
equal to w by w”, these eight solutions are 149; 1, 3'3; 14, 9%; 1, 3, 9%; 113,
27,1, 3%,27; 14,9, 27; 1, 3, 9, 27. The last of these is Bachet’s solution:
not only is it that in which the least number of weights are employed,
but it is also the only unique one in which all the weights are unequal.

PROBLEMS IN HIGHER ARITHMETIC. At the commencement of
this chapter I alluded to the special interest which many mathemati-
cians find in the theorems of higher arithmetic: such, for example,
as that every prime of the form 4n + 1 and every power of it is ex-
pressible as the sum of two squares’, and the first and second powers
can be expressed thus in only one way. For instance, 13 = 32 + 22,
132 = 122 + 52, 133 = 462 + 9?2, and so on. Similarly 41 = 5% + 42,
41% = 402 + 92, 413 = 2362 + 1152, and so on.

Propositions such as the one just quoted may be found in text-
books on the theory of numbers and therefore lie outside the limits
of this work, but there are one or two questions in higher arithmetic
involving points not yet quite cleared up which may find a place here.

PriMES.  The first of these is concerned with the possibility of
determining readily whether a given number is prime or not. Euler and
Gauss attached great importance to this problem, but failed to establish
any conclusive test. It would seem, however, that Fermat possessed
some means of finding from its form whether a given number (at any
rate if one of certain known forms) was prime or not. Thus, in answer to
Mersenne who asked if he could tell without much trouble whether the
number 100895,598169 was a prime, Fermat wrote on April 7, 1643,
that it was the product of 898423 and 112303, both of which were

*  Fermat’s Diophantus, Toulouse, 1670, bk. 111, prop. 22, p. 127; or Brassinne’s

Précis, Paris, 1853, p. 65.
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primes. I have indicated elsewhere one way by which this result can be
found, and Mr F.W. Laurence has indicated another which may have
been that used by Fermat in this particular case.

MERSENNE’S NUMBERS .  Another illustration, confirmatory of
the opinion that Fermat or some of his contemporaries had a test by
which it was possible to find out whether certain numbers were prime,
may be drawn from Mersenne’s Cogitata Physico-Mathematica which
was published in 1644. In the preface to that work it is asserted that in
order that 2 — 1 may be prime, the only values of p, not greater than
257, which are possible are 1, 2, 3, 5, 7, 13, 17, 19, 31, 67, 127, and
257: I conjecture that the number 67 is a misprint for 61. With this
correction the statement appears to be true, and it has been verified
for all except nineteen values of p: namely, 71, 101, 103, 107, 109,
137, 139, 149, 157, 163, 167, 173, 181, 193, 199, 227, 229, 241, and
257. Of these values, Mersenne asserted that p = 257 makes 27 — 1
a prime, and that the other values make 2P — 1 a composite number.
The demonstrations for the cases when p = 89, 127 have not been
published; nor have the actual factors of 2 — 1 when p = 89 been as
yet determined: the discovery of these factors may be commended to
those interested in the theory of numbers.

Mersenne’s result could not be obtained empirically, and it is im-
possible to suppose that it was worked out for every case; hence it
would seem that whoever first enunciated it was acquainted with cer-
tain theorems in higher arithmetic which have not been re-discovered.

PERFECT NUMBERS'.  The theory of perfect numbers depends
directly on that of Mersenne’s Numbers. A number is said to be per-
fect if it is equal to the sum of all its integral subdivisors. Thus the
subdivisors of 6 are 1, 2, and 3; the sum of these is equal to 6; hence
6 is a perfect number.

It is probable that all perfect numbers are included in the formula
2P~1(27 — 1), where 2P — 1 is a prime. Euclid proved that any num-
ber of this form is perfect; Euler showed that the formula includes all
even perfect numbers; and there is reason to believe—though a rigid
demonstration is wanting—that an odd number cannot be perfect. If

*  For references, see chapter ix below.

1 On the theory of perfect numbers, see bibliographical references by H. Brocard,
L’Intermédiaire des mathématiciens, Paris, 1895, vol. 11, pp. 52-54; and 1905,
vol. X1I, p. 19.
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we assume that the last of these statements is true, then every perfect
number is of the above form. It is easy to establish that every number
included in this formula (except when p = 2) is congruent to unity to
the modulus 9, that is, when divided by 9 leaves a remainder 1; also
that either the last digit is a 6 or the last two digits are 28.

Thus, if p=2, 3,5, 7, 13, 17, 19, 31, 61, then by Mersenne’s rule
the corresponding values of 2P — 1 are prime; they are 3, 7, 31, 127,
8191, 131071, 524287, 2147483647, 2305843009213693951; and the cor-
responding perfect numbers are 6, 28, 496, 8128, 33550336, 8589869056,
137438691328, 2305843008139952128, and
2658455991569831744654692615953842176.

GOLDBACH’S THEOREM.  Another interesting problem in higher
arithmetic is the question whether there are any even integers which
cannot be expressed as a sum of two primes. Probably there are none.
The expression of all even® integers not greater than 5000 in the form
of a sum of two primes has been effected”, but a general demonstration
that all even integers can be so expressed is wanting.

LAGRANGE’S THEOREM!.  Another theorem in higher arith-
metic which, as far as I know, is still unsolved, is to the effect that
every prime of the form 4n — 1 is the sum of a prime of the form 4n + 1
and of double a prime of the form 4n + 1; for example, 23 = 13+ 2 x 5.
Lagrange, however, added that it was only by induction that he ar-
rived at the result.

FERMAT’S THEOREM ON BINARY POWERS. Fermat enriched
mathematics with a multitude of new propositions. With two excep-
tions all these have been proved subsequently to be true. The first of
these exceptions is his theorem on binary powers, in which he asserted
that all numbers of the form 2™ + 1, where m = 27, are primes*, but he
added that, though he was convinced of the truth of this proposition,
he could not obtain a valid demonstration.

*  Transactions of the Halle Academy (Naturforschung), vol. Lxxi1, Halle, 1897,
pp- 5-214: see also L’Intermédiaire des mathématiciens, 1903, vol. X, and 1904,
vol. XI.

1 Nouwveaur Mémoires de I’Académie Royale des Sciences, Berlin, 1775, p. 356.

1 Letter of Oct. 18, 1640, Opera, Toulouse, 1679, p. 162: or Brassinne’s Précis,
p. 143.

1. ‘even’ inserted as per errata sheet
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It may be shown that 2™ + 1 is composite if m is not a power of
2, but of course it does not follow that 2™ + 1 is a prime if m is a
power of 2. As a matter of fact the theorem is not true. In 1732 Euler”
showed that if n = 5 the formula gives 4294, 967297, which is equal to
641 x 6, 700417: curiously enough, these factors can be deduced at once
from Fermat’s remark on the possible factors of numbers of the form
2™ £ 1, from which it may be shown that the prime factors (if any) of
232 + 1 must be primes of the form 64n + 1.

During the last thirty years it has been shown' that the resulting
numbers are composite when n = 6, 9, 11, 12, 18, 23, 36, and 38:
the two last numbers contain many thousands of millions of digits. I
believe that Eisenstein asserted that the number of primes of the form
2™ 4+ 1, where m = 2", is infinite: the proof has not been published,
but perhaps it might throw some light on the general theory.

FERMAT’S LAST THEOREM. I pass now to the only other asser-
tion made by Fermat which has not been proved hitherto. This, which is
sometimes known as Fermat’s Last Theorem, is to the effect* that no in-
tegral values of x, y, z can be found to satisfy the equation 2" +y" = 2",
if n is an integer greater than 2. This proposition has acquired extraor-
dinary celebrity from the fact that no general demonstration of it has
been given, but there is no reason to doubt that it is true.

Fermat seems to have discovered its truth first} for the case n = 3,
and then for the case n = 4. His proof for the former of these cases is
lost, but that for the latter is extant!l, and a similar proof for the case of
n = 3 was given by Euler¥. These proofs depend upon showing that, if
three integral values of x, y, z can be found which satisfy the equation,

*  Commentarii Academiae Scientiarum Petropolitanae, St Petersburg, 1738,

vol. VI, p. 104; see also Novi Comm. Acad. Sci. Petrop., St Petersburg, 1764,
vol. 1X, p. 101: or Commentationes Arithmeticae Collectae, St Petersburg, 1849,
vol. I, pp. 2, 357.

1 For the factors and bibliographical references, see the memoir by A.J.C. Cun-
ningham and A.E. Western, Transactions of the London Mathematical Society,
May 14, 1903, series 2, vol. 1, p. 175.

1 Fermat’s enunciation will be found in his edition of Diophantus, Toulouse, 1670,
bk. 11, qu. 8, p. 61; or Brassinne’s Précis, Paris, 1853, p. 53. For bibliographical
references, see L’Intermédiaire des mathématiciens, 1905, vol. X1, pp. 11, 12.

§ See a letter from Fermat quoted in my History of Mathematics, London, chap-
ter Xv.

|| Fermat’s Diophantus, note on p. 339; or Brassinne’s Précis, p. 127.

§ Euler’'s Algebra (English trans. 1797), vol. 11, chap. Xv, p. 247.
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then it will be possible to find three other and smaller integers which
also satisfy it: in this way finally we show that the equation must
be satisfied by three values which obviously do not satisfy it. Thus
no integral solution is possible. It would seem that this method is
inapplicable except when n = 3 and n = 4.

Fermat’s discovery of the general theorem was made later. An easy
demonstration can be given on the assumption that every number can
be resolved into prime (complex) factors in one and only one way. That
assumption has been made by some writers, but it is not universally
true. It is possible that Fermat made some such supposition, though
it is perhaps more probable that he discovered a rigorous demonstra-
tion. At any rate he asserts definitely that he had a valid proof—
demonstratio mirabilis sane—and the fact that every other theorem on
the subject which he stated he had proved has been subsequently veri-
fied must weigh strongly in his favour; especially as in making the one
statement in his writings which is not correct he was scrupulously care-
ful to add that he could not obtain a satisfactory demonstration of it.

It must be remembered that Fermat was a mathematician of quite
the first rank who had made a special study of the theory of numbers.
That subject is in itself one of peculiar interest and elegance, but its
conclusions have little practical importance, and since his time it has
been discussed by only a few mathematicians, while even of them not
many have made it their chief study. This is the explanation of the
fact that it took more than a century before some of the simpler results
which Fermat had enunciated were proved, and thus it is not surprising
that a proof of the theorem which he succeeded in establishing only
towards the close of his life should involve great difficulties.

In 1823 Legendre” obtained a proof for the case of n = 5; in 1832
Lejeune Dirichlet! gave one for n = 14, and in 1840 Lamé and Lebesgue?
gave proofs for n = 7.

The proposition appears to be true universally, and in 1849 Kum-
mer®, by means of ideal primes, proved it to be so for all numbers
except those (if any) which satisfy three conditions. It is not known

*  Reprinted in his Théorie des Nombres, Paris, 1830, vol. 11, pp. 361-368: see also
pp. 5, 6.

Crelle’s Journal, 1832, vol. 1X, pp. 390-393.

Liouville’s Journal, 1841, vol. v, pp. 195-215, 276-9, 348-9.

References to Kummer’s Memoirs are given in Smith’s Report to the British
Association on the Theory of Numbers, London, 1860.

W A —i=
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whether any number can be found to satisfy these conditions, but it
seems unlikely, and it has been shown that there is no number less than
100 which does so. The proof is complicated and difficult, and there
can be little doubt is based on considerations unknown to Fermat. I
may add that to prove the truth of the proposition when n is greater
than 4, it obviously is sufficient to confine ourselves to cases where n is
a prime, and the first step in Kummer’s demonstration is to show that
in such cases one of the numbers z, y, z must be divisible by n.
Naturally there has been much speculation as to how Fermat ar-
rived at the result. The modern treatment of higher arithmetic is
founded on the special notation and processes introduced by Gauss,
who pointed out that the theory of discrete magnitude is essentially
different from that of continuous magnitude, but until the end of the
last century the theory of numbers was treated as a branch of algebra,
and such proofs by Fermat as are extant involve nothing more than el-
ementary geometry and algebra, and indeed some of his arguments do
not involve any symbols. This has led some writers to think that Fermat
used none but elementary algebraic methods. This may be so, but the
following remark, which I believe is not generally known, rather points
to the opposite conclusion. He had proposed, as a problem to the En-
glish mathematicians, to show that there was only one integral solution
of the equation z? + 2 = y3: the solution evidently being z = 5,y = 3.
On this he has a note” to the effect that there was no difficulty in finding
a solution in rational fractions, but that he had discovered an entirely
new method—sane pulcherrima et subtilissima—which enabled him to
solve such questions in integers. It was his intention to write a work' on
his researches in the theory of numbers, but it was never completed, and
we know but little of his methods of analysis. I venture however to add
my private suspicion that continued fractions played a not unimportant
part in his researches, and as strengthening this conjecture I may note
that some of his more recondite results—such as the theorem that a
prime of the form 4n + 1 is expressible as the sum of two squares—may
be established with comparative ease by properties of such fractions.

*  Fermat’s Diophantus, bk. VI, prop. 19, p. 320; or Brassinne’s Précis, p. 122.

1 Fermat’s Diophantus, bk. 1v, prop. 31, p. 181; or Brassinne’s Précis, p. 82.
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CHAPTER II.

SOME GEOMETRICAL QUESTIONS.

IN this chapter I propose to enumerate certain geometrical ques-
tions the discussion of which will not involve necessarily any consider-
able use of algebra or arithmetic. Unluckily no writer like Bachet has
collected and classified problems of this kind, and I take the following
instances from my note-books with the feeling that they represent the
subject but imperfectly.

The first part of the chapter is devoted to questions which are of
the nature of formal propositions: the last part contains a description
of various trivial puzzles and games, which the older writers would
have termed geometrical, but which the reader of to-day may omit
without loss.

In accordance with the rule I laid down for myself in the preface,
I exclude the detailed discussion of theorems which involve advanced
mathematics. Moreover (with one possible exception) I exclude also any
mention of the numerous geometrical paradoxes which depend merely
on the inability of the eye to compare correctly the dimensions of figures
when their relative position is changed. This apparent deception does
not involve the conscious reasoning powers, but rests on the inaccurate
interpretation by the mind of the sensations derived through the eyes,
and I do not consider such paradoxes as coming within the domain of
mathematics.

GEOMETRICAL FALLACIES.  Most educated Englishmen are ac-
quainted with the series of logical propositions in geometry associated

35
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with the name of Euclid, but it is not known so generally that these
propositions were supplemented originally by certain exercises. Of such
exercises Fuclid issued three series: two containing easy theorems or
problems, and the third consisting of geometrical fallacies, the errors
in which the student was required to find.

The collection of fallacies prepared by Euclid is lost, and tradition
has not preserved any record as to the nature of the erroneous reason-
ing or conclusions; but, as an illustration of such questions, I append
two or three demonstrations, leading to obviously impossible results,
which perhaps may amuse any one to whom they are new. I leave the
discovery of the errors to the ingenuity of my readers.

First Fallacy. To prove that a right angle is equal to an angle
which is greater than a right angle. Let ABC' D be a rectangle. From A
draw a line AFE outside the rectangle, equal to AB or DC' and making
an acute angle with AB, as indicated in the diagram. Bisect C'B in

H
Cr B

s .
~of

H, and through H draw HO at right angles to C'B. Bisect CE in K,
and through K draw KO at right angles to C'E. Since CB and CE
are not parallel the lines HO and KO will meet (say) at O. Join OA,
OFE, OC, and OD.

The triangles ODC and OAFE are equal in all respects. For, since
KO bisects CE and is perpendicular to it, we have OC' = OFE. Simi-
larly, since HO bisects C'B and DA and is perpendicular to them, we
have OD = OA. Also, by construction, DC' = AE. Therefore the three
sides of the triangle ODC' are equal respectively to the three sides of
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the triangle OAE. Hence, by Euc. 1. 8, the triangles are equal; and
therefore the angle ODC' is equal to the angle OAFE.

Again, since HO bisects DA and is perpendicular to it, we have
the angle ODA equal to the angle OAD.

Hence the angle ADC' (which is the difference of ODC and ODA)
is equal to the angle DAE (which is the difference of OAFE and OAD).
But ADC'is a right angle, and DAF is necessarily greater than a right
angle. Thus the result is impossible.

Second Fallacy™. To prove that a part of a line is equal to the
whole line. Let ABC be a triangle; and, to fix our ideas, let us suppose
that the triangle is scalene, that the angle B is acute, and that the

A

B DE C

angle A is greater than the angle C. From A draw AD making the
angle BAD equal to the angle C'| and cutting BC in D. From A draw
AFE perpendicular to BC.

The triangles ABC', ABD are equiangular; hence, by Euc. V1. 19,
AABC : AABD = AC? : AD?.

Also the triangles ABC, ABD are of equal altitude: hence, by
Euc. vI. 1,

ANABC : NABD = BC' : BD,
. AC?: AD?> = BC : BD.
AC?  AD?
BC ~ BD

*  See a note by M. Coccoz in L’Illustration, Paris, Jan. 12, 1895.
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Hence, by Euc. 11. 13,

AB?*+ BC*-2BC-BE AB?>+ BD?—-2BD-BE

BC BD
AB? AB?
: BC — 2BE = BD — 2BE..
) BC+ C BD+
AB? AB?
. BC—BD—BD—BC.
_ AB?—-BC-BD AB*- BC-BD
' BC N BD '
. BC=BD,

a result which is impossible.

Third Fallacy. To prove that every triangle is isosceles. Let ABC
be any triangle. Bisect BC in D, and through D draw DO perpendic-
ular to BC. Bisect the angle BAC by AO.

First. If DO and AO do not meet, then they are parallel. Therefore
AO is at right angles to BC. Therefore AB = AC.

Second. If DO and AO meet, let them meet in O. Draw OF
perpendicular to AC. Draw OF perpendicular to AB. Join OB, OC.

Let us begin by taking the case
where O is inside the triangle, in
which case FE falls on AC' and F on
BC.

The triangles AOF and AOFE
are equal, since the side AO is com-
mon, angle OAF = angle OAFE,
and angle OFA = angle OFA.
Hence AF = AE. Also, the trian-
gles BOF and COFE are equal. For
since OD bisects BC' at right angles, we have OB = OC'; also, since
the triangles AOF and AOFE are equal, we have OF = OF}; lastly, the
angles at F' and F are right angles. Therefore, by FEuc. 1. 47 and 1. 8§,
the triangles BOF and COFE are equal. Hence F'B = EC.

Therefore AF + FB = AE + EC, that is, AB = AC.

The same demonstration will cover the case where DO and AO

meet at D, as also the case where they meet outside BC' but so near it
that F and F fall on AC and AB and not on AC and AB produced.

B D C
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Next take the case where DO and AO meet outside the triangle,
and E and F fall on AC' and AB produced. Draw OFE perpendicu-

lar to AC' produced. Draw OF perpendicular to AB produced. Join
OB, 0OC.

Following the same argument as before, from the equality of the
triangles AOF and AOFE, we obtain AF = AF; and, from the equality
of the triangles BOF and COEFE, we obtain F'B = EC. Therefore
AF — FB = AFE — EC, that is, AB = AC.

Thus in all cases, whether or not DO and AO meet, and whether
they meet inside or outside the triangle, we have AB = AC: and
therefore every triangle is isosceles, a result which is impossible.

Fourth Fallacy. 1am indebted to Captain Turton for the following
ingenious fallacy; it appeared for the first time in the third edition
of this work.

On the hypothenuse, BC', of an isosceles right-angled triangle,
DBC, describe an equilateral triangle ABC, the vertex A being on
the same side of the base as D is. On CA take a point H so that
CH = CD. Bisect BD in K. Join HK and let it cut CB (produced)
in L. Join DL. Bisect DL at M, and through M draw MO perpendic-
ular to DL. Bisect HL at N, and through N draw NO perpendicular
to HL. Since DL and HL intersect, therefore MO and NO will also
intersect; moreover, since BDC' is a right angle, MO and NO both
slope away from DC' and therefore they will meet on the side of DL
remote from A. Join OC, OD, OH, OL.
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The triangles OM D and OM L are equal, hence OD = OL. Simi-
larly the triangles ON L and ON H are equal, hence OL = OH. There-
fore OD = OH. Now in the triangles OCD and OCH, we have
OD = OH, CD = CH (by construction), and OC common, hence (by
Euc. 1. 8) the angle OCD is equal to the angle OC' H, which is absurd.

Fifth Fallacy". To prove that, if two opposite sides of a quadri-
lateral are equal, the other two sides must be parallel. Let ABCD be
a quadrilateral such that AB is equal to DC. Bisect AD in M, and
through M draw MO at right angles to AD. Bisect BC in N, and
draw NO at right angles to BC.

If MO and NO are parallel, then AD and BC' (which are at right
angles to them) are also parallel.

If MO and NO are not parallel, let them meet in O; then O must
be either inside the quadrilateral as in the left-hand diagram or outside

X S
M
N
R
\
‘
M
‘ =D
,
,
,
,
,
,
.
X0
\\
.
.
N \
1c

the quadrilateral as in the right-hand diagram. Join OA, OB, OC, OD.

Since OM bisects AD and is perpendicular to it, we have OA =
OD, and the angle OAM equal to the angle ODM. Similarly
OB = OC, and the angle OBN equal to the angle OCN. Also
by hypothesis AB = DC|, hence, by Euc. 1. 8, the triangles OAB and
ODC are equal in all respects, and therefore the angle AOB is equal
to the angle DOC.

Hence in the left-hand diagram the sum of the angles AOM, AOB
is equal to the sum of the angles DOM, DOC'; and in the right-hand

*  Mathesis, October, 1893, series 2, vol. 111, p. 224.
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diagram the difference of the angles AOM, AOB is equal to the dif-
ference of the angles DOM, DOC'; and therefore in both cases the
angle MOB is equal to the angle MOC, i.e. OM (or OM produced)
bisects the angle BOC. But the angle NOB is equal to the angle
NOC, i.e. ON bisects the angle BOC; hence OM and ON coincide
in direction. Therefore AD and BC, which are perpendicular to this
direction, must be parallel. This result is not universally true, and the
above demonstration contains a flaw.

Sixth Fallacy. 'The following argument is taken from a text-book
on electricity, published in 1889 by two distinguished mathematicians,
in which it was presented as valid. A given vector OP of length [ can
be resolved in an infinite number of ways into two vectors OM, M P,
of lengths I, I”, and we can make ['/l"” have any value we please from
nothing to infinity. Suppose that the system is referred to rectangular
axes Ox, Oy; and that OP, OM, M P make respectively angles 6, ',
0" with Oz. Hence, by projection on Oy and on Ox, we have

Isinf =1'sin® +1"sin§”,

lcosO =1 cost + 1" cosb”.
nsin @ + sin §”

Therefore tanf = ,

ncos ' + cos §”
where n = ['/l". This result is true whatever be the value of n.
But n may have any value (ex. gr. n = oo, or n = 0), hence

tanf = tan @ = tan @’ which obviously is impossible.

Seventh Fallacy. Here is a fallacious investigation, to which
Mr Chartres first called my attention, of the value of 7: it is founded
on well-known quadratures. The area of the semi-ellipse bounded by
the minor axis is (in the usual notation) equal to smwab. If the centre
is moved off to an indefinitely great distance along the major axis,
the ellipse degenerates into a parabola, and therefore in this particular
limiting position the area is equal to two-thirds of the circumscribing
rectangle. But the first result is true whatever be the dimensions of

the curve.

.1 -2
. gmab = Za x 20,

m=38/3,

a result which is obviously untrue.
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GEOMETRICAL PARADOXES.  To the above examples [ may add
the following questions, which, though not exactly fallacious, lead to
results which at a hasty glance appear impossible.

First Paradox. The first is a problem, sent to me by Mr Renton,
to rotate a plane lamina (say, for instance, a sheet of paper) through
four right angles so that the effect is equivalent to turning it through
only one right angle.

If it is desired that the effect shall be equivalent to turning it
through a right angle about a point O, the solution is as follows. De-
scribe on the lamina a square OABC. Rotate the lamina successively
through two right angles about the diagonal OB as axis and through
two right angles about the side OA as axis, and the required result
will be attained.

Second Paradozr. As in arithmetic, so in geometry, the theory of
probability lends itself to numerous paradoxes. Here is a very simple
illustration. A stick is broken at random into three pieces. It is possible
to put them together into the shape of a triangle provided the length
of the longest piece is less than the sum of the other two pieces (cf.
Euc. 1. 20), that is, provided the length of the longest piece is less than
half the length of the stick. But the probability that a fragment of
a stick shall be half the original length of the stick is % Hence the
probability that a triangle can be constructed out of the three pieces
into which the stick is broken would appear to be % This is not true,
for actually the probability is %.

Third Paradozr. The following example illustrates how easily the
eye may be deceived in demonstrations obtained by actually dissecting
the figures and re-arranging the parts. In fact proofs by superposi-
tion should be regarded with considerable distrust unless they are sup-
plemented by mathematical reasoning. The well-known proofs of the
propositions Euclid 1. 32 and Euclid 1. 47 can be so supplemented and
are valid. On the other hand, as an illustration of how deceptive a non-
mathematical proof may be, I here mention the familiar paradox that
a square of paper, subdivided like a chessboard into 64 small squares,
can be cut into four pieces which being put together form a figure con-
taining 65 such small squares”. This is effected by cutting the original

* T do not know who discovered this paradox. It is given in various modern books,

but I cannot find an earlier reference to it than one by Prof. G.H. Darwin,
Messenger of Mathematics, 1877, vol. vi, p. 87.
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square into four pieces in the manner indicated by the thick lines in
the first figure. If these four pieces are put together in the shape of a
rectangle in the way shown in the second figure it will appear as if this
rectangle contains 65 of the small squares.

This phenomenon, which in my experience non-mathematicians
find perplexing, is due to the fact that the edges of the four pieces
of paper, which in the second figure lie along the diagonal AB, do not
coincide exactly in direction. In reality they include a small lozenge
or diamond-shaped figure, whose area is equal to that of one of the
64 small squares in the original square, but whose length AB is much
greater than its breadth. The diagrams show that the angle between
the two sides of this lozenge which meet at A is tan™! 2 —tan~* 2, that
is, is tan~1 i, which is less than lio. To enable the eye to distinguish
so small an angle as this the dividing lines in the first figure would
have to be cut with extreme accuracy and the pieces placed together
with great care.

The paradox depends upon the relation 5 x 13 — 8% = 1. Sim-
ilar results can be obtained from the formulae 13 x 34 — 212 = 1,
34x89—55% = 1,...; or from the formulae 5>—3x8 = 1, 132—8x21 =1,
34% — 21 x 55 = 1,.... These numbers are obtained by finding conver-
gents to the continued fraction

1 1 1
1+1+1+

A similar paradox for a square of 17 cells, by which it was shown
that 289 was equal to 288, was alluded to by Ozanam” who gave also

the diagram for dividing a rectangle of 11 by 3 into two rectangles
whose dimensions appear to be 5 by 4 and 7 by 2.

1+

*  Ogzanam, 1803 edition, vol. 1, p. 299.
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Turton’s Seventy-Seven Puzzle. A far better dissection puzzle was
invented by Captain Turton. In this a piece of cardboard, 11 inches by
7 inches, subdivided into 77 small equal squares, each 1 inch by 1 inch,
can be cut up and re-arranged so as to give 78 such equal squares, each
1 inch by 1 inch, of which 77 are arranged in a rectangle of the same
dimensions as the original rectangle from one side of which projects a
small additional square. The construction is ingenious, but cannot be
described without the use of a model. The trick consists in utilizing
the fact that cardboard has a sensible thickness. Hence the edges of
the cuts can be bevelled, but in the model the bevelling is so slight
as to be imperceptible save on a very close scrutiny. The play thus
given in fitting the pieces together permits the apparent production of
an additional square.

COLOURING MAPS. I proceed next to mention the geometrical
proposition that not more than four colours are necessary in order to
colour a map of a country (divided into districts) in such a way that
no two contiguous districts shall be of the same colour. By contiguous
districts are meant districts having a common line as part of their
boundaries: districts which touch only at points are not contiguous in
this sense.

The problem was mentioned by A.F. Mébius™ in his Lectures in
1840, but it was not until Francis Guthrie’ communicated it to De Mor-
gan about 1850 that attention was generally called to it: it is said that
the fact had been familiar to practical map-makers for a long time pre-
viously. Through De Morgan the proposition became generally known;
and in 1878 Cayley* recalled attention to it by stating that he did not
know of any rigorous proof of it.

Probably the following argument, though not a formal demonstra-
tion, will satisfy the reader that the result is true.

Let A, B, C be three contiguous districts, and let X be any other
district contiguous with all of them. Then X must lie either wholly
outside the external boundary of the area ABC or wholly inside the
internal boundary, that is, it must occupy a position either like X or

*  Leipzig Transactions (Math.-phys. Classe), 1885, vol. XXXVII, pp. 1-6.

1 Proceedings of the Royal Society of Edinburgh, July 19, 1880, vol. X, p. 728.

1 Proceedings of the London Mathematical Society, 1878, vol. 1X, p. 148, and Pro-
ceedings of the Royal Geographical Society, 1879, N.S., vol. 1, p. 259.
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like X’. In either case every remaining occupied area in the figure is
enclosed by the boundaries of not more than three districts: hence there
is no possible way of drawing another area Y which shall be contiguous
with A, B, C, and X. In other words, it is possible to draw on a
plane four areas which are contiguous, but it is not possible to draw
five such areas.

If A, B, C' are not contiguous, each with the other, or if X is
not contiguous with A, B, and C, it is not necessary to colour them all
differently, and thus the most unfavourable case is that already treated.
Moreover any of the above areas may diminish to a point and finally
disappear without affecting the argument.

That we may require at least four colours is obvious from the dia-
gram on this page, since in that case the areas A, B, C', and X would
have to be coloured differently.

A proof of the proposition involves difficulties of a high order, which
as yet have baffled all attempts to surmount them.

The argument by which the truth of the proposition was formerly
supposed to be demonstrated was given by A.B. Kempe” in 1879, but

* He sent his first demonstration across the Atlantic to the American Journal of
Mathematics, 1879, vol. 11, pp. 193-200; but subsequently he communicated it
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there is a flaw” in it.

In 1880, Tait published a solution’ depending on the theorem that
if a closed network of lines joining an even number of points is such
that three and only three lines meet at each point then three colours
are sufficient to colour the lines in such a way that no two lines meeting
at a point are of the same colour; a closed network being supposed to
exclude the case where the lines can be divided into two groups between
which there is but one connecting line. His deduction therefrom that
four colours will suffice for a map was given in the last edition of this
work. The demonstration appeared so straightforward that at first it
was generally accepted, but it would seem that it too involves a fallacy?.
The proof however leads to the interesting corollary that four colours
may not suffice for a map drawn on a multiply-connected surface such
as an anchor ring.

Although a proof of the theorem is still wanting, no one has suc-
ceeded in constructing a plane map which requires more than four tints
to colour it, and there is no reason to doubt the correctness of the state-
ment that it is not necessary to have more than four colours for any
plane map. The number of ways which such a map can be coloured with
four tints has been also considered?, but the results are not sufficiently
interesting to require mention here.

PHYSICAL CONFIGURATION OF A COUNTRY. As I have been
alluding to maps, I may here mention that the theory of the repre-
sentation of the physical configuration of a country by means of lines
drawn on a map was discussed, by Cayley and Clerk Maxwelll. They

in simplified forms to the London Mathematical Society, Transactions, 1879,

vol. X, pp. 229-231, and to Nature, Feb. 26, 1880, vol. Xx1, pp. 399-400.

See articles by P.J. Heawood in the Quarterly Journal of Mathematics, London,

1890, vol. XX1v, pp. 332-338; and 1897, vol. XXXI, pp. 270-285.

1 Proceedings of the Royal Society of Edinburgh, July 19, 1880, vol. X, p. 729; and
PHILOSOPHICAL MAGAZINE, January, 1884, series 5, vol. XVII, p. 41.

1 See J. Peterson of Copenhagen, L’Intermédiaire des mathématiciens, vol. V,
1898, pp. 225-227; and vol. vi, 1899, pp. 36-38.

§ See A.C. Dixon, Messenger of Mathematics, Cambridge, 1902-3, vol. XXXII,
pp. 81-83.

|| Cayley on ‘Contour and Slope Lines,” Philosophical Magazine, London, October,
1859, series 4, vol. XVIII, pp. 264-268; Collected Works, vol. 1v, pp. 108-111.
J. Clerk Maxwell on ‘Hills and Dales,” Philosophical Magazine, December, 1870,
series 4, vol. XL, pp. 421-427; Collected Works, vol. 11, pp. 233-240.
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showed that a certain relation exists between the number of hills, dales,
passes, &c. which can co-exist on the earth or on an island. I proceed
to give a summary of their nomenclature and conclusions.

All places whose heights above the mean sea level are equal are on
the same level. The locus of such points on a map is indicated by a
contour-line. Roughly speaking, an island is bounded by a contour-line.
It is usual to draw the successive contour-lines on a map so that the
difference between the heights of any two successive lines is the same,
and thus the closer the contour-lines the steeper is the slope, but the
heights are measured dynamically by the amount of work to be done
to go from one level to the other and not by linear distances.

A contour-line in general will be a closed curve. This curve may
enclose a region of elevation: if two such regions meet at a point, that
point will be a crunode (i.e. a real double point) on the contour-line
through it, and such a point is called a pass. The contour-line may
enclose a region of depression: if two such regions meet at a point, that
point will be a crunode on the contour-line through it, and such a point
is called a fork or bar. As the heights of the corresponding level surfaces
become greater, the areas of the regions of elevation become smaller,
and at last become reduced to points: these points are the summits of
the corresponding mountains. Similarly as the level surface sinks the
regions of depression contract, and at last are reduced to points: these
points are the bottoms (or immits) of the corresponding valleys.

Lines drawn so as to be everywhere at right angles to the contour-
lines are called lines of slope. If we go up a line of slope generally we
shall reach a summit, and if we go down such a line generally we shall
reach a bottom: we may come however in particular cases either to a
pass or to a fork. Districts whose lines of slope run to the same summit
are hills. Those whose lines of slope run to the same bottom are dales.
A watershed is the line of slope from a summit to a pass or a fork, and
it separates two dales. A watercourse is the line of slope from a pass
or a fork to a bottom, and it separates two hills.

If n + 1 regions of elevation or of depression meet at a point, the
point is a multiple point on the contour-line drawn through it; such a
point is called a pass or a fork of the nth order, and must be counted as
n separate passes (or forks). If one region of depression meets another
in several places at once, one of these must be taken as a fork and
the rest as passes.
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Having now a definite geographical terminology we can apply geo-
metrical propositions to the subject. Let h be the number of hills on
the earth (or an island), then there will be also h summits; let d be the
number of dales, then there will be also d bottoms; let p be the whole
number of passes, p; that of single passes, p, of double passes, and so on;
let f be the whole number of forks, f; that of single forks, fo of double
forks, and so on; let w be the number of watercourses, then there will
be also w watersheds. Hence, by the theorems of Cauchy and Euler,

h=1+4p +2ps+--,
d=1+fi+2fr+--,
and w=2(p1+ fi)+3p2+ f2))+---.

The above results can be extended to the case of a multiply-
connected closed surface.

GAMES. Leaving now the question of formal geometrical propo-
sitions, I proceed to enumerate a few games or puzzles which depend
mainly on the relative position of things, but I postpone to chapter 1v
the discussion of such amusements of this kind as necessitate any con-
siderable use of arithmetic or algebra. Some writers regard draughts,
solitaire, chess and such like games as subjects for geometrical treat-
ment in the same way as they treat dominoes, backgammon, and games
with dice in connection with arithmetic: but these discussions require
too many artificial assumptions to correspond with the games as actu-
ally played or to be interesting.

The amusements to which I refer are of a more trivial description,
and it is possible that a mathematician may like to omit the remainder
of the chapter. In some cases it is difficult to say whether they should
be classified as mainly arithmetical or geometrical, but the point is of
no importance.

STATICAL GAMES OF POSITION.  Of the innumerable statical
games involving geometry of position I shall mention only three or four.

Three-in-a-row. First, I may mention the game of three-in-a-row,
of which noughts and crosses, one form of merrilees, and go-bang are
well-known examples. These games are played on a board—generally in
the form of a square containing n? small squares or cells. The common
practice is for one player to place a white counter or piece or to make
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a cross on each small square or cell which he occupies: his opponent
similarly uses black counters or pieces or makes a nought on each square
which he occupies. Whoever first gets three (or any other assigned
number) of his pieces in three adjacent cells and in a straight line wins.
The mathematical theory for a board of 9 cells has been worked out
completely, and there is no difficulty in extending it to one of 16 cells:
but the analysis is lengthy and not particularly interesting. Most of
these games were known to the ancients’, and it is for that reason I
mention them here.

Three-in-a-row. Fxtension. [ may, however, add an elegant but
difficult extension which has not previously found its way, so far as [
am aware, into any book of mathematical recreations. The problem is
to place n counters on a plane so as to form as many rows as possible,
each of which shall contain three and only three counters'.

It is easy to arrange the counters in a number of rows equal to
the integral part of £(n — 1)%. This can be effected by the following
construction. Let P be any point on a cubic. Let the tangent at P cut
the curve again in (). Let the tangent at () cut the curve in A. Let PA
cut the curve in B, @B cut it in C', PC cut it in D, QD cut it in F, and
so on. Then the counters must be placed at the points P,Q, A, B, .. ..
Thus 9 counters can be placed in 8 such rows; 10 counters in 10 rows;
15 counters in 24 rows; 81 counters in 800 rows; and so on.

If however the point P is a pluperfect point of the nth order on
the cubic, then Sylvester proved that the above construction gives a
number of rows equal to the integral part of §(n —1)(n —2). Thus 9
counters can be arranged in 9 rows, which is a well-known and easy
puzzle; 10 counters in 12 rows; 15 counters in 30 rows; and so on.

Even this however is an inferior limit and may be exceeded—for
instance, Sylvester stated that 9 counters can be placed in 10 rows,
each containing three counters; I do not know how he placed them, but
one way of so arranging them is by putting them at points whose coor-
dinates are (2,0), (2,2), (2,4), (4,0), (4,2), (4,4), (0,0), (3,2), (6,4);
another way is by putting them at the points (0,0), (0,2), (0,4), (2,1),
(2,2), (2,3), (4,0), (4,2), (4,4); more generally, the angular points of

Becq de Fouquieres, Les jeur des anciens, second edition, Paris, 1873,
chap. XVIIIL.

1 Educational Times Reprints, 1868, vol. vii1, p. 106; Ibid. 1886, vol. XLV, pp. 127—
128.
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a regular hexagon and the three points of intersection of opposite sides
form such a group, and therefore any projection of that figure will give
a solution.

Thus at present it is not possible to say what is the maximum
number of rows of three which can be formed from n counters placed
on a plane.

Ezxtension to p-in-a-row. The problem mentioned above at once
suggests the extension of placing n counters so as to form as many rows
as possible, each of which shall contain p and only p counters. Such
problems can be often solved immediately by placing at infinity the
points of intersection of some of the lines, and (if it is so desired) sub-
sequently projecting the diagram thus formed so as to bring these points
to a finite distance. One instance of such a solution is given above.

As easy examples I may give the arrangement of 16 counters in 15
rows!, each containing 4 counters; and the arrangement of 19 counters
in 10 rows, each containing 5 counters. A solution of the second of
these problems can be obtained by placing counters at the 19 points of
intersection of the 10 lines x = +a, v = +b, y = +a, y = b, y = *+ux:
of these points two are at infinity. The first problem I leave to the
ingenuity of my readers.

Tesselation. Another of these statical recreations is known as tes-
selation and consists in the formation of geometrical designs or mosaics
by means of tesselated tiles.

To those who have never looked into the matter it may be surpris-
ing that patterns formed by the use of square tiles (of which one-half
bounded by a diagonal is white and the other half black) should be
subject to mathematical analysis. In view of the discussion of this
subject by Montucla”, Lucas’, and other writers it would be hard to
refuse to call the formation of such patterns a mathematical amuse-
ment, but the treatment is (perhaps necessarily) somewhat empirical,
and though there are some interesting puzzles of this kind, I do not
propose to describe them here.

*  See Ozanam, 1803 edition, vol. 1, p. 100; 1840 edition, p. 46.
t  Lucas, Récréations Mathématiques, Paris, 1882-3, vol. 11, part 4: hereafter I
shall refer to this work by the name of the author.

1. ‘13’ corrected to ’15’ as per errata sheet
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Sylvester” proposed a modified tesselation problem which consists
in forming anallagmatic squares, that is, squares such that in every row
and every column the number of changes of colour or the number of
permanences is constant, the tiles used being square white tiles and
square black tiles.

If more than two colours are used, the problems become increas-
ingly difficult. As a simple instance of this class of problems I may
mention one, sent to me by a correspondent who termed it Cross-Fours,
wherein sixteen square counters are used, the upper half of each being
yellow, red, pink, or blue, and the lower half being gold, green, black,
or white, no two counters being coloured alike. Such counters can be
arranged in the form of a square so that in each vertical, horizontal,
and diagonal line there shall be 8 colours and no more: they can be also
arranged so that in each of these ten lines there shall be 6 colours and
no more, or 5 colours and no more, or 4 colours and no more. Puzzles
of this kind are but little known; they are however not uninstructive.

Colour-Cube Problem. As an example of a recreation analogous to
tesselation I will mention the colour-cube problem; I select this partly
because it is one of the most difficult of such puzzles, but chiefly because
it has been subjected! to mathematical analysis.

Stripped of mathematical technicalities the problem may be enun-
ciated as follows. A cube has six faces, and if six colours are chosen
we can paint each face with a different colour. By permuting the or-
der of the colours we can obtain thirty such cubes, no two of which
are coloured alike. Take any one of these cubes, K, then it is desired
to select eight out of the remaining twenty-nine cubes, such that they
can be arranged in the form of a cube (whose linear dimensions are
double those of any of the separate cubes) coloured like the cube K,
and placed so that where any two cubes touch each other the faces in
contact are coloured alike.

Only one collection of eight cubes can be found to satisfy these
conditions. To pick out these eight cubes empirically would be out
of the question, but the mathematical analysis enables us to select
them by the following rule. Take any face of the cube K: it has four

*  Ezx. gr. see the Educational Times Reprints, London, 1868, vol. X, pp. 74-76,
112: see also vol. XLv, p. 127; vol. LvI, pp. 97-99.

By Major MacMahon; an abstract of his paper, read before the London Mathe-
matical Society on Feb. 9, 1893, was given in Nature, Feb. 23, 1893, vol. XLVII,
p. 406.
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angles, and at each angle three colours meet. By permuting the colours
cyclically we can obtain from each angle two other cubes, and the eight
cubes so obtained are those required.

For instance suppose that the six colours are indicated by the letters
a, b, c, d, e, f. Let the cube K be put on a table, and to fix our ideas
suppose that the face coloured f is at the bottom, the face coloured a
is at the top, and the faces coloured b, ¢, d, and e front respectively
the east, north, west, and south points of the compass. I may denote
such an arrangement by (f; a; b, ¢, d, ). One cyclical permutation of
the colours which meet at the north-east corner of the top face gives
the cube (f; ¢; a, b, d, ), and a second cyclical permutation gives the
cube (f; b; ¢, a, d, e). Similarly cyclical permutations of the colours
which meet at the north-west corner of the top face of K give the cubes
(f; d; b, a, c,e)and (f; ¢; b, d, a, e). Similarly from the top south-west
corner of K we get the cubes (f; e; b, ¢, a, d) and (f; d; b, ¢, e, a):
and from the top south-east corner we get the cubes (f; e; a, ¢, d, b)
and (f; b; e, ¢, d, a).

The eight cubes being thus determined it is not difficult to arrange
them in the form of a cube coloured similarly to K, and subject to the
condition that faces in contact are coloured alike; in fact they can be
arranged in two ways to satisfy these conditions. One such way, taking
the cubes in the numerical order given above, is to put the cubes 3, 6,
8, and 2 at the SE, NE, NW, and SW corners of the bottom face; of
course each placed with the colour f at the bottom, while 3 and 6 have
the colour b to the east, and 2 and 8 have the colour d to the west: the
cubes 7, 1, 4, and 5 will then form the SE, NE, NW_ and SW corners of
the top face; of course each placed with the colour a at the top, while 7
and 1 have the colour b to the east, and 5 and 4 have the colour d to the
west. If however K is not given, then, without the aid of mathematical
analysis, it is a difficult puzzle to arrange the eight cubes in the form
of a cube coloured similarly to one of the other twenty-two cubes and
subject to the condition that faces in contact are coloured alike.

It is easy to make similar puzzles in two dimensions which are fairly
difficult; it is somewhat surprising that none are to be bought, but I
have never seen any except those that I have made myself.

DyNAMICAL GAMES OF POSITION. Games which are played
by moving pieces on boards of various shapes—such as merrilees, fox
and geese, solitaire, backgammon, draughts, and chess—present more
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interest. In general, however, they permit of so many movements of the
pieces that any mathematical analysis of them becomes too intricate to
follow out completely. Probably this is obvious, but it may emphasize
the impossibility of discussing such games effectively if I add that it has
been shown that in a game of chess there may be as many as 197299
ways of playing the first four moves, and nearly 72000 different positions
at the end of the first four moves (two on each side), of which 16556
arise when the players move pawns only .

Games in which the possible movements are very limited may be
susceptible of mathematical treatment. One or two of these are given
in the next chapter: here I shall confine myself mainly to puzzles and
simple amusements.

Shunting Problems. The first I will mention is a little puzzle which
I bought some years ago and which was described as the “Great North-
ern puzzle.” It is typical of a good many problems connected with the
shunting of trains, and though it rests on a most improbable hypoth-
esis, I give it as a specimen of its kind.

The puzzle shows a railway, DFEF, with two sidings, DBA and
FCA, connected at A. The portion of the rails at A which is common
to the two sidings is long enough to permit of a single wagon, like P or
(), running in or out of it; but is too short to contain the whole of an
engine, like R. Hence, if an engine runs up one siding, such as DBA,
it must come back the same way.

*  L’Intermédiaire des mathématiciens, Paris, December, 1903, vol. X, pp. 305—

308: also Royal Engineers Journal, London, August—-November, 1889; or British
Association Transactions, 1890, p. 745.
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Initially a small block of wood, P, coloured to represent a wagon,
is placed at B; a similar block, @), is placed at C; and a longer block
of wood, R, representing an engine, is placed at E. The problem is to
use the engine R to interchange the wagons P and @), without allowing
any flying shunts.

This is effected thus. (i) R pushes P into A. (ii) R returns, pushes
Q@ up to P in A, couples Q to P, draws them both out to F', and then
pushes them to E. (iii) P is now uncoupled, R takes @) back to A, and
leaves it there. (iv) R returns to P, pulls P back to C, and leaves it
there. (v) R running successively through F', D, B comes to A, draws
@ out, and leaves it at B.

A somewhat similar puzzle, on sale in the streets in 1905, is made
as follows. A loop-line BGE connects two points B and F on a railway
track AF', which is supposed blocked at both ends, as shown in the
diagram. In the model, the track AF" is 9 inches long, AB = FF = 1%
inches, and AH = FK = BC = DE =  inch. On the track and loop
are eight wagons, numbered successively 1 to 8, each one inch long and

one-quarter of an inch broad, and an engine of the same dimensions.
Originally the wagons are on the track from A to F' and in the order
1, 2, 3,4, 5,6, 7,8, and the engine is on the loop. The construction
and the initial arrangement ensure that at any one time there cannot
be more than eight vehicles on the track. Also if eight vehicles are on
it only the penultimate vehicle at either end can be moved on to the
loop, but if less than eight are on the track then the last two vehicles
at either end can be moved on to the loop. If the points at each end
of the loop-line are clear, it will hold four, but not more than four,
vehicles. The object is to reverse the order of the wagons on the track,
so that from A to F' they will be numbered successively 8 to 1; and to
do this by means which will involve as few transferences of the engine
or a wagon to or from the loop as is possible.

Other shunting problems are not uncommon, but these two exam-
ples will suffice.
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Ferry-Boat Problems. Everybody is familiar with the story of the
showman who was travelling with a wolf, a goat, and a basket of cab-
bages; and for obvious reasons was unable to leave the wolf alone with
the goat, or the goat alone with the cabbages. The only means of
transporting them across a river was a boat so small that he could take
in it only one of them at a time. The problem is to show how the
passage could be effected”.

A similar problem, given by Alcuin, Tartaglia, and others, is as
follows'. Three beautiful ladies have for husbands three men, who are
as jealous as they are young, handsome, and gallant. The party are
travelling, and find on the bank of a river, over which they have to
pass, a small boat which can hold no more than two persons. How can
they pass, it being agreed that, in order to avoid scandal, no woman
shall be left in the society of a man unless her husband is present?

The method of transportation to be used in the above cases is
obvious, and can be illustrated practically by using six court cards out
of a pack. Another problem similar to the one last mentioned is the case
of n married couples who have to cross a river by means of a boat which
can be rowed by one person and will carry n — 1 people, but not more,
with the condition that no woman is to be in the society of a man unless
her husband is present. Alcuin’s problem is the case of n = 3. Let y
denote the number of passages from one bank to the other which will
be necessary. Then it has been shown that if n = 3, y = 11; if n = 4,
y=29; and if n > 4, y = 7; the demonstration presents no difficulty.

The following analogous problem is due to the late Prof. Lucast.
To find the smallest number x of persons that a boat must be able to
carry in order that n married couples may by its aid cross a river in
such a manner that no woman shall remain in the company of any man
unless her husband is present; it being assumed that the boat can be
rowed by one person only. Also to find the least number of passages,
say ¥, from one bank to the other which will be required. M. Delannoy
has shown that if n = 2, then x = 2, and y = 5. If n = 3, then x = 2,
andy=11. If n=4,thenx=3,and y=9. If n =5, then x = 3, and
y = 11. And finally if n > 5, then z = 4, and y = 2n — 1.

M. De Fonteney has remarked that, if there was an island in the

*  Ogzanam, 1803 edition, vol. 1, p. 171; 1840 edition, p. 77.
1 Bachet, Appendix, problem 1v, p. 212.
1 Lucas, vol. 1, pp. 15-18, 237-238.
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middle of the river, the passage might be always effected by the aid of
a boat which could carry only two persons. If there are only two or
only three couples the island is unnecessary, and the case is covered by
the preceding method. If n > 3 then the least number of passages from
land to land which will be required is 8(n — 1).

His solution is as follows. The first nine passages will be the same,
no matter how many couples there may be: the result is to transfer
one couple to the island and one couple to the second bank. The result
of the next eight passages is to transfer one couple from the first bank
to the second bank: this series of eight operations must be repeated as
often as necessary until there is left only one couple on the first bank,
only one couple on the island, and all the rest on the second bank.
The result of the last seven passages is to transfer all the couples to
the second bank.

The solution for the case when there are four couples may be rep-
resented as follows. Let A and a, B and b, C' and ¢, D and d, be the
four couples. The letters in the successive lines indicate the positions of
the men and their respective wives after different passages of the boat.

First Bank Island Second Bank
Initially ABCD abced . ... ....
After 1st passage ABCD ..ed ... . ab..
7 2nd 7 ABCD .bed . ... a...
7 3rd 7 ABCD ...d . ... abc.
? 4th 7 ABCD ..ed ... . ab..
7 b5th 7 ..CD ..ed AB. . ab..
7 6th 7 ..CD ..ed AB.. .... ab. .
7 Tth 7 ..CD ..ed AB. . .b.. ... a..
7 8th 7 ..CD ..ed .... .b.. AB. a..
7 9th 7 ..CD ..ed .B.. .b.. A. a..
7 10th 7 .BCD ..ed .... .b.. A. a..
7 11th 7 .BCD .... . ... bed A. a..
7 12th 7 .BCD ...d .... .bec. A. a..
7 13th 7 .D ...d .BC. .be. A.. a..
7 14th 7 .D ...d be. ABC a..
”? 15th 7 .D ...d abc. ABC
7 16th 7 .D ...d b ABC a.c
7 17th 7 ...D ...d B b A.C c
7 18th 7 .B.D ...d b A.C c
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First Bank Island Second Bank

After 19th passage ...d .B.D b.. A.C. a.c.
7 20th 7 c.od .b.. ABCD a.c.

7 21st 7 c.od .be. ABCD a...

7 22nd 7 e .. ..d ... ... ABCD abc.
7 23rd 7 ... .cd .... ... ABCD ab..
7 24th 7 . ... ... ... ABCD abcd

Prof. G. Tarry has suggested an extension of the problem, which
still further complicates its solution. He supposes that each husband
travels with a harem of m wives or concubines; moreover, as Mo-
hammedan women are brought up in seclusion, it is reasonable to sup-
pose that they would be unable to row a boat by themselves without
the aid of a man. But perhaps the difficulties attendant on the trav-
els of one wife may be deemed sufficient for Christians, and I content
myself with merely mentioning the increased anxieties experienced by
Mohammedans in similar circumstances.

Geodesics. Geometrical problems connected with finding the
shortest routes from one point to another on a curved surface
are often difficult, but geodesics on a flat surface or flat surfaces
are in general readily determinable.

I append an instance”, but I should have hesitated to do so had not
experience shown that some readers do not readily see the solution. It
is as follows: A room is 30 feet long, 12 feet wide, and 12 feet high. On
the middle line of one of the smaller side walls and one foot from the
ceiling is a wasp. On the middle line of the opposite wall and 11 feet
from the ceiling is a fly. The wasp catches the fly by crawling all the
way to it: the fly, paralysed by fear, remaining still. The problem is to
find the shortest route that the wasp can follow.

To obtain a solution we observe that we can cut a sheet of paper so
that, when folded properly, it will make a model to scale of the room.
This can be done in several ways. If, when the paper is again spread
out flat, we can join the points representing the wasp and the fly by
a straight line lying wholly on the paper we shall obtain a geodesic
route between them. Thus the problem is reduced to finding the way
of cutting out the paper which gives the shortest route of the kind.

* T heard a similar question propounded at Cambridge in 1903, but the only place

where I have seen it in print is the Daily Mail, London, February 1, 1905.
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Here is the diagram corresponding to a solution of the above ques-
tion, where A represents the floor, B and D the longer side-walls, C
the ceiling, and W and F' the positions on the two smaller side-walls
occupied initially by the wasp and fly. In the diagram the square of the
distance between W and F is (32)*4(24)?; hence the distance is 40 feet.

Problems with Counters placed in a row. Numerous dynamical
problems and puzzles may be illustrated with a box of counters, espe-
cially if there are counters of two colours. Of course coins or pawns
or cards will serve equally well. I proceed to enumerate a few of these
played with counters placed in a row.

First Problem with Counters. The following problem must be fa-
miliar to many of my readers. Ten counters (or coins) are placed in
a row. Any counter may be moved over two of those adjacent to it
on the counter next beyond them. It is required to move the coun-
ters according to the above rule so that they shall be arranged in five
equidistant couples.

If we denote the counters in their initial positions by the numbers
1,2,3,4,5,6,7,8,9, 10, we proceed as follows. Put 7 on 10, then 5 on
2, then 3 on 8, then 1 on 4, and lastly 9 on 6. Thus they are arranged
in pairs on the places originally occupied by the counters 2, 4, 6, 8, 10.

Similarly by putting 4 on 1, then 6 on 9, then 8 on 3, then 10 on
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7, and lastly 2 on 5, they are arranged in pairs on the places originally
occupied by the counters 1, 3, 5, 7, 9.

If two superposed counters are reckoned as only one, solutions anal-
ogous to those given above will be obtained by putting 7 on 10, then 5
on 2, then 3 on &8, then 1 on 6, and lastly 9 on 4; or by putting 4 on 1,
then 6 on 9, then 8 on 3, then 10 on 5, and lastly 2 on 7.

There is a somewhat similar game played with eight counters, but
in this case the four couples finally formed are not equidistant. Here
the transformation will be effected if we move 5 on 2, then 3 on 7, then
4 on 1, and lastly 6 on 8. This form of the game is applicable equally
to (8 + 2n) counters, for if we move 4 on 1 we have left on one side of
this couple a row of (8 4+ 2n — 2) counters. This again can be reduced
to one of (8 + 2n — 4) counters, and in this way finally we have left 8
counters which can be moved in the way explained above.

A more complete generalization would be the case of n counters,
where each counter might be moved over the m counters adjacent to
it on to the one beyond them.

Second Problem with Counters. Another problem of a somewhat
similar kind is due to Tait". Place four florins (or white counters)
and four halfpence (or black counters) alternately in a line in contact
with one another. It is required in four moves, each of a pair of two
contiguous pieces, without altering the relative position of the pair, to
form a continuous line of four halfpence followed by four florins.

His solution is as follows. Let a florin be denoted by a and a
halfpenny by b, and let x x denote two contiguous blank spaces. Then
the successive positions of the pieces may be represented thus:

Initially ................. X X a b a b ab a b.
After the first move .. ... b a a b a b a x x b.
After the second move .. b a a b X X a a b b.
After the third move .... b X X b a a a a b b.
After the fourthmove... & b b b a a a a X X.

The operation is conducted according to the following rule. Sup-
pose the pieces to be arranged originally in circular order, with two
contiguous blank spaces, then we always move to the blank space for

*  Note by J. Fitzpatrick to a French translation of the third edition of this work,
Paris, 1898.
1 Philosophical Magazine, London, January, 1884, series 5, vol. XVIiI, p. 39.
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the time being that pair of coins which occupies the places next but
one and next but two to the blank space on one assigned side of it.

A similar problem with 2n counters—n of them being white and
n black—will at once suggest itself, and, if n is greater than 4, it can
be solved in n moves. I have however failed to find a simple rule which
covers all cases alike, but solutions, due to M. Delannoy, have been
given” for the four cases where n is of the form 4m, 4m + 2, 4m+1, or
4m+-3; in the first two cases the first %n moves are of pairs of dissimilar
counters and the last %n moves are of pairs of similar counters; in the
last two cases, the first move is similar to that given above, namely, of
the penultimate and antepenultimate counters to the beginning of the
row, the next %(n — 1) moves are of pairs of dissimilar counters, and
the final £(n — 1) moves are of similar counters.

The problem is also capable of solution if we substitute the restric-
tion that at each move the pair of counters taken up must be moved to
one of the two ends of the row instead of the condition that the final
arrangement is to be continuous.

Tait suggested a variation of the problem by making it a condition
that the two coins to be moved shall also be made to interchange places;
in this form it would seem that 5 moves are required; or, in the general
case, n + 1 moves are required.

Problems on a Chess-board with Counters or Pawns. The follow-
ing three problems require the use of a chess-board as well as of counters
or pieces of two colours. It is more convenient to move a pawn than a
counter, and if therefore I describe them as played with pawns it is only
as a matter of convenience and not that they have any connection with
chess. The first is characterized by the fact that in every position not
more than two moves are possible; in the second and third problems
not more than four moves are possible in any position. With these lim-
itations, analysis is possible. I shall not discuss the similar problems
in which more moves are possible.

First Problem with Pawns'. On a row of seven squares on a chess-
board 3 white pawns (or counters), denoted in the diagram by “a’s, are
placed on the 3 squares at one end, and 3 black pawns (or counters),
denoted by “b’s, are placed on the 3 squares at the other end—the
middle square being left vacant. FEach piece can move only in one

*  La Nature, June, 1887, p. 10.
1 Lucas, vol. 11, part 5, pp. 141-143.
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direction; the “a” pieces can move from left to right, and the “b” pieces
from right to left. If the square next to a piece is unoccupied, it can

move on to that; or if the square next to it is occupied by a piece of
the opposite colour and the square beyond that is unoccupied, then it
can, like a queen in draughts, leap over that piece on to the unoccupied
square beyond it. The object is to get all the white pawns in the places
occupied initially by the black pawns and vice versa.

The solution requires 15 moves. It may be effected by moving first a
white pawn, then successively two black pawns then three white pawns,
then three black pawns, then three white pawns, then two black pawns,
and then one white pawn. We can express this solution by saying that
if we number the cells (a term used to describe each of the small squares
on a chess-board) consecutively, then initially the vacant space occupies
the cell 4 and in the successive moves it will occupy the cells 3, 5, 6,
4,2, 1,3,5, 7,6, 4, 2, 3, 5, 4. Of these moves, six are simple and
nine are leaps.

Similarly if we have n white pawns at one end of a row of 2n + 1
cells, and n black pawns at the other end, they can be interchanged in
n(n+2) moves, by moving in succession 1 pawn, 2 pawns, 3 pawns, . . .,
n — 1 pawns, n pawns, n pawns, n pawns, n — 1 pawns, ..., 2 pawns,
and 1 pawn—all the pawns in each group being of the same colour and
different from that of the pawns in the group preceding it. Of these
moves 2n are simple and n? are leaps.

Second Problem with Pawns . A similar game may be played on
a rectangular or square board. The case of a square board containing
49 cells, or small squares, will illustrate this sufficiently: in this case
the initial position is shown in the annexed diagram where the “a”s
denote the pawns or pieces of one colour, and the “b”s those of the
other colour. The “a” pieces can move horizontally from left to right
or vertically down, and the “b” pieces can move horizontally from right
to left or vertically up, according to the same rules as before.

The solution reduces to the preceding case. The pieces in the mid-
dle column can be interchanged in 15 moves. In the course of these
moves every one of the seven cells in that column is at some time or

*  Lucas, vol. 11, part 5, p. 144.
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other vacant, and whenever that is the case the pieces in the row con-
taining the vacant cell can be interchanged. To interchange the pieces
in each of the seven rows will require 15 moves. Hence to interchange
all the pieces will require 15 + (7 x 15) moves, that is, 120 moves.

If we place 2n(n + 1) white pawns and 2n(n + 1) black pawns in
a similar way on a square board of (2n + 1)? cells, we can transpose
them in 2n(n + 1)(n + 2) moves: of these 4n(n + 1) are simple and
2n%(n + 1) are leaps.

Third Problem with Pawns. The following analogous, though
somewhat more complicated, game was I believe originally published
in the first edition of this work: but I find that it has been since widely

F|E|D
C|B|A

distributed in connexion with an advertisement and probably now is
well-known. On a square board of 25 cells, place eight white pawns or
counters on the cells denoted by small letters in the annexed diagram,
and eight black pawns or counters on the cells denoted by capital let-
ters: the cell marked with an asterisk () being left blank. Each pawn
can move according to the laws already explained—the white pawns
being able to move only horizontally from left to right or vertically
downwards, and the black pawns being able to move only horizontally
from right to left or vertically upwards. The object is to get all the
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white pawns in the places initially occupied by the black pawns and
vice versa. No moves outside the dark line are permitted.

Since there is only one cell on the board which is unoccupied, and
since no diagonal moves and no backward moves are permitted, it fol-
lows that at each move not more than two pieces of either colour are
capable of moving. There are however a very large number of solu-
tions. The following empirical solution in forty-eight moves is one way
of effecting the transfer—the letters indicating the cells from which the
pieces are successively moved:

hH+«fFEHGx cbhgdfFCxhHBAC =«
cabhHx c fFDGHBCxghefF x hHx.

It will be noticed that the first twenty-four moves lead to a symmet-
rical position, and that the next twenty-three moves can be at once
obtained by writing the first twenty-three moves in reverse order and
interchanging small and capital letters.

Probably, were it worth the trouble, the mathematical theory of
games such as that just described might be worked out by the use
of Vandermonde’s notation, described later in chapter vi, or by the
analogous method employed in the theory of the game of solitaire”. I
believe that this has not been done, and I do not think it would repay
the labour involved.

Problems on a Chess-board with Chess-pieces. There are several
mathematical recreations with chess-pieces, other than pawns, some-
what similar to those given above. One of these, on the determination
of the ways in which eight queens can be placed on a board so that no
queen can take any other, is given later in chapter 1v. Another, on the
path to be followed by a knight which is moved on a chess-board so that
it shall occupy every cell once and only once, is given in chapter VI.
Here I will mention one of the simplest of such problems, which is in-
teresting from the fact that it is given in Guarini’s manuscript written
in 1512; it was quoted by Lucas, but so far as I know has not been
otherwise published.

Guarini’s Problem. On a board of nine cells, such as that drawn
below, the two white knights are placed on the two top corner cells

*  On the theory of the solitaire, see Reiss, ‘ Beitrdge zur Theorie des Solitar-Spiels,’

Crelle’s Journal, Berlin, 1858, vol. LIv, pp. 344-379; and Lucas, vol. 1, part v,
pp- 89-141.
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al|C|d

blA]| ¢

(a, d), and the two black knights on the two bottom corner cells (b, ¢):
the other cells are left vacant. It is required to move the knights so
that the white knights shall occupy the cells b and ¢, while the black
shall occupy the cells a and d.

The solution is tolerably obvious. First, move the pieces from a to
A, from b to B, from ¢ to C, and from d to D. Next, move the pieces
from A to d, from B to a, from C to b, and from D to ¢. The effect of
these eight moves is the same as if the original square had been rotated
through one right angle. Repeat the above process, that is, move the
pieces successively from a to A, from b to B, from ¢ to C, from d to
D; from A to d, from B to a, from C to b, and from D to ¢. The
required result is then attained.

GEOMETRICAL PUzzLES WITH RODS, ETC.  Another species of
geometrical puzzles, to which here I will do no more than allude, are
made of steel rods, or of wire, or of wire and string. Numbers of these
are often sold in the streets of London for a penny each, and some
of them afford ingenious problems in the geometry of position. Most
of them could hardly be discussed without the aid of diagrams, but
they are inexpensive to construct, and in fact innumerable puzzles on
geometry of position can be made with a couple of stout sticks and a
ball of string, or even with only a box of matches: several examples
are given in the appendix to the fourth volume of the 1723 edition of
Ozanam’s work. I will mention, as an easy example, analogous to one
group of the string puzzles, that any one can take off his waistcoat
(which may be unbuttoned) without taking off his coat, and without
pulling the waistcoat over the head like a jersey.

This last feat may serve to show the difficulty of mentally realizing
the effect of geometrical alterations in a figure unless they are of the
simplest character.

PArRADROMIC RINGS.  The fact just stated is illustrated by the
familiar experiment of making paradromic rings by cutting a paper
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ring prepared in the following manner.

Take a strip of paper or piece of tape, say, for convenience, an inch
or two wide and at least nine or ten inches long, rule a line in the
middle down the length AB of the strip, gum one end over the other
end B, and we get a ring like a section of a cylinder. If this ring is cut
by a pair of scissors along the ruled line we obtain two rings exactly
like the first, except that they are only half the width. Next suppose
that the end A is twisted through two right angles before it is gummed
to B (the result of which is that the back of the strip at A is gummed
over the front of the strip at B), then a cut along the line will produce
only one ring. Next suppose that the end A is twisted once completely
round (i.e. through four right angles) before it is gummed to B, then
a similar cut produces two interlaced rings. If any of my readers think
that these results could be predicted off-hand, it may be interesting to
them to see if they can predict correctly the effect of again cutting the
rings formed in the second and third experiments down their middle
lines in a manner similar to that above described.

The theory is due to J.B. Listing” who discussed the case when
the end A receives m half-twists, that is, is twisted through mm, before
it is gummed to B.

If m is even we obtain a surface which has two sides and two edges,
which are termed paradromic. If the ring is cut along a line midway
between the edges, we obtain two rings, each of which has m half-twists,
and which are linked together %m times.

If m is odd we obtain a surface having only one side and one edge.
If this ring is cut along its mid-line, we obtain only one ring, but it has
2m half-twists, and if m is greater than unity it is knotted.

* Vorstudien zur Topologie, Die Studien, Gottingen, 1847, part X.
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CHAPTER III.

SOME MECHANICAL QUESTIONS.

I PROCEED now to enumerate a few questions connected with me-
chanics which lead to results that seem to me interesting from a his-
torical point of view or paradoxical. Problems in mechanics generally
involve more difficulties than problems in arithmetic, algebra, or geome-
try, and the explanations of some phenomena—such as those connected
with the flight of birds—are still incomplete, while the explanations of
many others of an interesting character are too difficult to find a place
in a non-technical work. Here, however, I shall confine myself to ques-
tions which, like those treated in the two preceding chapters, are of
an elementary, not to say trivial, character; and the conclusions are
well-known to mathematicians.

I assume that the reader is acquainted with the fundamental ideas
of kinematics and dynamics, and is familiar with the three Newtonian
laws; namely, first that a body will continue in its state of rest or of
uniform motion in a straight line unless compelled to change that state
by some external force: second, that the change of momentum per
unit of time is proportional to the external force and takes place in
the direction of it: and third, that the action of one body on another
is equal in magnitude but opposite in direction to the reaction of the
second body on the first. The first and second laws state the principles
required for solving any question on the motion of a particle under the
action of given forces. The third law supplies the additional principle
required for the solution of problems in which two or more particles
influence one another.

66
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MoTiON.  The difficulties connected with the idea of motion
have been for a long time a favourite subject for paradoxes, some of
which bring us into the realm of the philosophy of mathematics.

Zeno’s Paradozes on Motion. One of the earliest of these is the
remark of Zeno to the effect that since an arrow cannot move where
it is not, and since also it cannot move where it is (i.e. in the space it
exactly fills), it follows that it cannot move at all. The answer that the
very idea of the motion of the arrow implies the passage from where it
is to where it is not was rejected by Zeno, who seems to have thought
that the appearance of motion of a body was a phenomenon caused by
the successive appearances of the body at rest but in different positions.

Zeno also asserted that the idea of motion was itself inconceivable,
for what moves must reach the middle of its course before it reaches
the end. Hence the assumption of motion presupposes another motion,
and that in turn another, and so ad infinitum. His objection was in
fact analogous to the biological difficulty expressed by Swift:—

“So naturalists observe, a flea hath smaller fleas that on him prey.
And these have smaller fleas to bite ’em. And so proceed ad
infinitum.”

Or as De Morgan preferred to put it

“Great fleas have little fleas upon their backs to bite ’em,

And little fleas have lesser fleas, and so ad infinitum.

And the great fleas themselves, in turn, have greater fleas to go
on;

While these have greater still, and greater still, and so on.”

Achilles and the Tortoise. Zeno’s paradox about Achilles and the
tortoise is known even more widely. The assertion was that if Achilles
ran ten times as fast as a tortoise, yet if the tortoise had (say) 1000
yards start it could never be overtaken. To establish this, Zeno argued
that when Achilles had gone the 1000 yards, the tortoise would still be
100 yards in front of him; by the time he had covered these 100 yards,
it would still be 10 yards in front of him; and so on for ever. Thus
Achilles would get nearer and nearer to the tortoise but would never
overtake it. Zeno regarded this as confirming his view that the popular
idea of motion is self-contradictory.


• Project • Gutenberg • #26839 •


68 MECHANICAL RECREATIONS. [CH. III

Zeno’s Paradox on Time. The fallacy of Achilles and the Tortoise
is usually explained by saying that though the time required to over-
take the tortoise can be divided into an infinite number of intervals,
as stated in the argument, yet these intervals get smaller and smaller
in geometrical progression, and the sum of them all is a finite time:
after the lapse of that time Achilles would be in front of the tortoise.
Probably Zeno would have replied that this explanation rests on the
assumption that space and time are infinitely divisible, propositions
which he would not admit. He seems further to have contended that
while, to an accurate thinker, the notion of the infinite divisibility of
time was impossible, it was equally impossible to think of a minimum
measure of time. For suppose, he argued, that 7 is the smallest con-
ceivable interval, and suppose that three horizontal lines composed of
three consecutive spans abe, a’'b'c’, a”’b” " are placed so that aa’a”, bb'b”,
cdd’” are vertically over one another. Imagine the second line moved
as a whole one span to the right in the time 7, and simultaneously
the third line moved as a whole one span to the left. Then b, o', ¢’
will be vertically over one another. And in this duration 7 (which by
hypothesis is indivisible) ¢’ must have passed vertically over a”. Hence
the duration is divisible, contrary to the hypothesis.

The Paradox of Tristram Shandy. Mr Russell has enunciated” a
paradox somewhat similar to that of Achilles and the Tortoise, save
that the intervals of time considered get longer and longer during the
course of events. Tristram Shandy, as we know, took two years writing
the history of the first two days of his life, and lamented that, at this
rate, material would accumulate faster than he could deal with it, so
that he could never come to an end, however long he lived. But had
he lived long enough, and not wearied of his task, then, even if his life
had continued as eventfully as it began, no part of his biography would
have remained unwritten. For if he wrote the events of the first day
in the first year, he would write the events of the nth day in the nth
year, hence in time the events of any assigned day would be written,
and therefore no part of his biography would remain unwritten. This
argument might be put in the form of a demonstration that the part
of a magnitude may be equal to the whole of it.

Questions, such as those given above, which are concerned with
the continuity and extent of space and time involve difficulties of a

*  B.A.W. Russell, Principles of Mathematics, Cambridge, 1903, vol. 1, p. 358.
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high order.

Angular Motion. A non-mathematician finds additional difficul-
ties in the idea of angular motion. For instance, here is a well-known
proposition on motion in an equiangular spiral (of which the result is
true on the ordinary conventions of mathematics) which shows that a
body, moving with uniform velocity and as slowly as we please, may in
a finite time whirl round a fixed point an infinite number of times.

The equiangular spiral is the trace of a point P, which moves along
a line OP, the line OP turning round a fixed point O with uniform
angular velocity while the distance of P from O decreases with the
time in geometrical progression. If the radius vector rotates through
four right angles we have one convolution of the curve. All convolutions
are similar, and the length of each convolution is a constant fraction,
say 1/nth, that of the convolution immediately outside it. Inside any
given convolution, there are an infinite number of convolutions which
get smaller and smaller as we get nearer the pole. Now suppose a point
() to move uniformly along the spiral from any point towards the pole.
If it covers the first convolution in a seconds, it will cover the next in
a/n seconds, the next in a/n? seconds, and so on, and will finally reach
the pole in (a+a/n+a/n*+a/n®+---) seconds, that is, in an/(n—1)
seconds. The velocity is uniform, and yet in a finite time, ) will have
traversed an infinite number of convolutions and therefore have circled
round the pole an infinite number of times".

Simple Relative Motion. FEven if the philosophical difficulties sug-
gested by Zeno are settled or evaded, the mere idea of relative motion
has been often found to present difficulties, and Zeno himself failed to
explain a simple phenomenon involving the principle. As one of the
easiest examples of this kind, I may quote the common question of how
many trains going from B to A a passenger from A to B would meet
and pass on his way, assuming that the journey either way takes 4%
hours and that the trains start from each end every hour. The answer
is 9. Or again this: Take two pennies, face upwards on a table and
edges in contact. Suppose that one is fixed and that the other rolls
on it without slipping, making one complete revolution round it and
returning to its initial position. How many revolutions round its own
centre has the rolling coin made? The answer is 2.

*  The proposition is put in this form in J. Richard’s Philosophie des mathémait-

iques, Paris, 1903, pp. 119-120.
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Laws of Motion. 1 proceed next to make a few remarks on points
connected with the laws of motion.

The first law of motion is often said to define force, but it is in only
a qualified sense that this is true. Probably the meaning of the law is
best expressed in Clifford’s phrase, that force is “the description of a
certain kind of motion”—in other words it is not an entity but merely a
convenient way of stating, without circumlocution, that a certain kind
of motion is observed.

It is not difficult to show that any other interpretation lands us in
difficulties. Thus some authors use the law to justify a definition that
force is that which moves a body or changes its motion; yet the same
writers speak of a steam-engine moving a train. It would seem then
that, according to them, a steam-engine is a force. That such state-
ments are current may be fairly reckoned among mechanical paradoxes.

The idea of force is difficult to grasp. How many people, for in-
stance, could predict correctly what would happen in a question as sim-
ple as the following? A rope (whose weight may be neglected) hangs
over a smooth pulley; it has one end fastened to a weight of 10 stone,
and the other end to a sailor of weight 10 stone, the sailor and the
weight hanging in the air. The sailor begins to climb up the rope; will
the weight move at all; and, if so, will it rise or fall?

It will be noted that in the first law of motion it is asserted that,
unless acted on by an external force, a body in motion continues to
move (i) with uniform velocity, and (ii) in a straight line.

The tendency of a body to continue in its state of rest or of uniform
motion is called its inertia. This tendency may be used to explain
various common phenomena and experiments. Thus, if a number of
dominoes or draughts are arranged in a vertical pile, a sharp horizontal
blow on one of those near the bottom will send it out of the pile, and
those above will merely drop down to take its place—in fact they have
not time to change their relative positions before there is sufficient space
for them to drop vertically as if they were a solid body.

This also is the principle on which depends the successful playing
of “Aunt Sally,” and the performance of numerous tricks, described in
collections of mathematical puzzles .

* See Les récréations scientifiques by G. Tissandier, where several ingenious il-

lustrations of inertia are given.
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The statement about inertia in the first law may be taken to imply
that a body set in rotation about a principal axis passing through its
centre of mass will continue to move with a uniform angular velocity
and to keep its axis of rotation fixed in direction. The former of these
statements is the assumption on which our measurement of time is
based as mentioned below in chapter Xim. The latter assists us to
explain the motion of a projectile in a resisting fluid. It affords the
explanation of why the barrel of a rifle is grooved; and why, similarly,
anyone who has to throw a flat body of irregular shape (such as a card)
in a given direction usually gives it a rapid rotatory motion about
a principal axis. Elegant illustrations of the fact just mentioned are
afforded by a good many of the tricks of acrobats, though the full
explanation of most of them also introduces other considerations. Thus
when some few years ago the Japanese village at Knightsbridge was one
of the shows of London, there were some acrobats there who tossed on
to the top surface of an umbrella a penny so that it alighted on its
edge, and then, by turning round the stick of the umbrella rapidly, the
coin was caused to rotate, but as the umbrella moved away underneath
it the coin remained apparently stationary and standing upright, while
by diminishing or increasing the angular velocity of the umbrella the
penny was caused to run forwards or backwards. This is not a difficult
trick to execute.

The tendency of a body in motion to continue to move in a straight
line is sometimes called its centrifugal force. Thus, if a train is running
round a curve, it tends to move in a straight line, and is constrained only
by the pressure of the rails to move in the required direction. Hence it
presses on the outer rail of the curve. This pressure can be diminished
to some extent both by raising the outer rail, and by putting a guard
rail, parallel and close to the inner rail, against which the wheels on
that side also will press.

An illustration of this fact occurred in a little known incident of
the American civil war™. In the spring of 1862 a party of volunteers
from the North made their way to the rear of the Southern armies and
seized a train, intending to destroy, as they passed along it, the railway
which was the main line of communication between various confederate
corps and their base of operations. They were however detected and
pursued. To save themselves, they stopped on a sharp curve and tore

*  Capturing a Locomotive by W. Pittenger, London, 1882, p. 104.
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up some rails so as to throw the engine which was following them off the
line. Unluckily for themselves they were ignorant of dynamics and tore
up the inner rails of the curve, an operation which did not incommode
their pursuers.

The second law gives us the means of measuring mass, force, and
therefore work. A given agent in a given time can do only a definite
amount of work. This is illustrated by the fact that although, by means
of a rigid lever and a fixed fulcrum, any force however small may be
caused to move any mass however large, yet what is gained in power is
lost in speed—as the popular phrase runs.

Montucla” inserted a striking illustration of this principle founded
on the well-known story of Archimedes who is said to have declared
to Hiero that, were he but given a fixed fulcrum, he could move the
world. Montucla calculated the mass of the earth and, assuming that
a man could work incessantly at the rate of 116 foot-lbs. per second,
which is a very high estimate, he found that it would take over three
billion centuries, i.e. 3 x 104 years, before a mass equal to that of the
earth was moved as much as one inch against gravity at the surface
of the earth: to move it one inch along a horizonal plane would take
about 74000 centuries.

Stability of Equilibrium. It is known to all those who have read
the elements of mechanics that the centre of gravity of a body, which is
resting in equilibrium under its own weight, must be vertically above its
base: also, speaking generally, we may say that, if every small displace-
ment has the effect of raising the centre of gravity, then the equilibrium
is stable, that is, the body when left to itself will return to its original
position; but, if a displacement has the effect of lowering the centre of
gravity, then for that displacement the equilibrium is unstable; while, if
every displacement does not alter the height above some fixed plane of
the centre of gravity, then the equilibrium is neutral. In other words,
if in order to cause a displacement work has to be done against the
forces acting on the body, then for that displacement the equilibrium
is stable, while if the forces do work the equilibrium is unstable.

A good many of the simpler mechanical toys and tricks afford il-
lustrations of this principle.

*  Ogzanam, 1803 edition, vol. 11, p. 18; 1840 edition, p. 202.
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Magic Bottles'. Among the most common of such toys are the
small bottles—trays of which may be seen any day in the streets of
London—which keep always upright, and cannot be upset until their
owner orders them to lie down. Such a bottle is made of thin glass
or varnished paper fixed to the plane surface of a solid hemisphere or
smaller segment of a sphere. Now the distance of the centre of gravity
of a homogeneous hemisphere from the centre of the sphere is three-
eighths of the radius, and the mass of the glass or varnished paper
is so small compared with the mass of the lead base that the centre
of gravity of the whole bottle is still within the hemisphere. Let us
denote the centre of the hemisphere by C', and the centre of gravity
of the bottle by G.

If such a bottle is placed with the hemisphere resting on a horizontal
plane and GC' vertical, any small displacement on the plane will tend
to raise (G, and thus the equilibrium is stable. This may be seen also
from the fact that when slightly displaced there is brought into play a
couple, of which one force is the reaction of the table passing through
C and acting vertically upward, and the other the weight of the bottle
acting vertically downward at G. If G is below C, this couple tends to
restore the bottle to its original position.

If there is dropped into the bottle a shot or nail so heavy as to
raise the centre of gravity of the whole above C| then the equilibrium
is unstable, and, if any small displacement is given, the bottle falls
over on to its side.

Montucla says that in his time it was not uncommon to see boxes
of tin soldiers mounted on lead hemispheres, and when the lid of the
box was taken off the whole regiment sprang to attention.

In a similar way we may explain how to balance a pencil in a vertical
position, with its point resting on the top of one’s finger, an experiment
which is described in nearly every book of puzzles'. This is effected by
taking a penknife, of which one blade is opened through an angle of
(say) 120°, and sticking the blade in the pencil so that the handle of the
penknife is below the finger. The centre of gravity is thus brought below
the point of support, and a small displacement given to the pencil will
raise the centre of gravity of the whole: thus the equilibrium is stable.

*  Ogzanam, 1803 edition, vol. 11, p. 15; 1840 edition, p. 201.
1t Ex. gr. Oughtred, Mathematical Recreations, p. 24; Ozanam, 1803 edition, vol. 11,
p. 14; 1840 edition, p. 200.
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Other similar tricks are the suspension of a bucket over the edge of
a table by a couple of sticks, and the balancing of a coin on the edge of
a wine-glass by the aid of a couple of forks™—the sticks or forks being
so placed that the centre of gravity of the whole is vertically below the
point of support and its depth below it a maximum.

The toy representing a horseman, whose motion continually brings
him over the edge of a table into a position which seems to ensure
immediate destruction, is constructed in somewhat the same way. A
wire has one end fixed to the feet of the rider; the wire is curved down-
wards and backwards, and at the other end is fixed a weight. When
the horse is placed so that his hind legs are near the edge of the table
and his forefeet over the edge, the weight is under his hind feet. Thus
the whole toy forms a pendulum with a curved instead of a straight
rod. Hence the farther it swings over the table, the higher is the cen-
tre of gravity raised, and thus the toy tends to return to its original
position of equilibrium.

An elegant modification of the prancing horse was brought out at
Paris in 1890 in the shape of a toy made of tin and in the figure of a
man'. The legs are pivoted so as to be movable about the thighs, but
with a wire check to prevent too long a step, and the hands are fastened
to the top of a N-shaped wire weighted at its ends. If the figure is placed
on a narrow sloping plank or strip of wood passing between the legs of
the N, then owing to the (-shaped wire any lateral displacement of the
figure will raise its centre of gravity, and thus for any such displacement
the equilibrium is stable. Hence, if a slight lateral disturbance is given,
the figure will oscillate and will rest alternately on each foot: when it
is supported by one foot the other foot under its own weight moves
forwards, and thus the figure will walk down the plank though with a
slight reeling motion. Shortly after the publication of the third edition
of this book an improved form of this toy, in the shape of a walking
elephant made in heavy metal, was issued in England, and probably
in that form it is now familiar to all who are interested in noticing
street toys.

Columbus’s Egg. The toy known as Columbus’s egg depends on
the same principle as the magic bottle, though it leads to the converse
result. The shell of the egg is made of tin and cannot be opened. Inside

* Oughtred, p. 30; Ozanam, 1803 edition, vol. 11, p. 12; 1840 edition, p. 199.
1 La Nature, Paris, March, 1891.
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it and fastened to its base is a hollow truncated tin cone, and there is
also a loose marble inside the shell. If the egg is held properly, the
marble runs inside the cone and the egg will stand on its base, but
so long as the marble is outside the cone, the egg cannot be made to
stand on its base.

Cones running up hill . The experiment to make a double cone
run up hill depends on the same principle as the toys above described;
namely, on the tendency of a body to take a position so that its centre
of gravity is as low as possible. In this case it produces the optical
effect of a body moving by itself up a hill.

Usually the experiment is performed as follows. Arrange two sticks
in the shape of a \/, with the apex on a table and the two upper
ends resting on the top edge of a book placed on the table. Take two
equal cones fixed base to base, and place them with the curved surfaces
resting on the sticks near the apex of the V/, the common axis of the
cones being horizontal and parallel to the edge of the book. Then, if
properly arranged, the cones will run up the plane formed by the sticks.

The explanation is obvious. The centre of gravity of the cones
moves in the vertical plane midway between the two sticks and it occu-
pies a lower position as the points of contact on the sticks get farther
apart. Hence as the cone rolls up the sticks its centre of gravity de-
scends.

PERPETUAL MOTION. The idea of making a machine which
once set going would continue to go for ever by itself has been the
ignis fatuus of self-taught mechanicians in much the same way as the
quadrature of the circle has been of self-taught geometricians.

Now the obvious meaning of the third law of motion is that a force is
only one aspect of a stress, and that whenever a force is caused another
equal and opposite one is brought also into existence—though it may
act upon a different body, and thus be immaterial for the particular
problem considered. The law however is capable of another interpreta-
tion', namely, that the rate at which an agent does work (that is, its
action) is equal to the rate at which work is done against it (that is,
its reaction). If it is allowable to include in the reaction the rate at
which kinetic energy is being produced, and if work is taken to include

*  Ogzanam, 1803 edition, vol. 11, p. 49; 1840 edition, p. 216.
1 Newton’s Principia, last paragraph of the Scholium to the Laws of Motion.
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that done against molecular forces, then it follows from this interpre-
tation that the work done by an agent on a system is equivalent to the
total increase of energy, that is, the power of doing work. Hence in
an isolated system the total amount of energy is constant. If this is
granted, then since friction and some molecular dissipation of energy
cannot be wholly prevented, it must be impossible to construct in an
isolated system a machine capable of perpetual motion.

I do not propose to describe in detail the various machines for
producing perpetual motion which have been suggested, but I may add
that a number of them are equivalent essentially to the one of which a
section is represented in the accompanying figure.

It consists of two concentric vertical wheels in the same plane,
and mounted on a horizontal axle through their centre, C'. The space
between the wheels is divided into compartments by spokes inclined at
a constant angle to the radii to the points whence they are drawn, and
each compartment contains a heavy bullet. Apart from these bullets,
the wheels would be in equilibrium. Each bullet tends to turn the
wheels round their axle, and the moment which measures this tendency
is the product of the weight of the bullet and its distance from the
vertical through C.

The idea of the constructors of such machines was that, as the
bullet in any compartment would roll under gravity to the lowest point
of the compartment, the bullets on the right-hand side of the diagram
would be farther from the vertical through C' than those on the left.
Hence the sum of the moments of the weights of the bullets on the
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right would be greater than the sum of the moments of those on the
left. Thus the wheels would turn continually in the same direction as
the hands of a watch. The fallacy in the argument is obvious.

Another large group of machines for producing perpetual motion
depended on the use of a magnet to raise a mass which was then allowed
to fall under gravity. Thus, if the bob of a simple pendulum was made
of iron, it was thought that magnets fixed near the highest points which
were reached by the bob in the swing of the pendulum would draw the
bob up to the same height in each swing and thus give perpetual motion.

Of course it is only in isolated systems that the total amount of
energy is constant, and, if a source of external energy can be obtained
from which energy is continually introduced into the system, perpet-
ual motion is, in a sense, possible; though even here materials would
ultimately wear out. The solar heat and the tides are among the most
obvious of such sources.

There was at Paris in the latter half of the eighteenth century a
clock which was an ingenious illustration of such perpetual motion”.
The energy which was stored up in it to maintain the motion of the
pendulum was provided by the expansion of a silver rod. This expansion
was caused by the daily rise of temperature, and by means of a train
of levers it wound up the clock. There was a disconnecting apparatus,
so that the contraction due to a fall of temperature produced no effect,
and there was a similar arrangement to prevent overwinding. I believe
that a rise of eight or nine degrees Fahrenheit was sufficient to wind
up the clock for twenty-four hours.

I have in my possession a watch, which produces the same effect
by somewhat different means. Inside the case is a steel weight, and if
the watch is carried in a pocket this weight rises and falls at every step
one takes, somewhat after the manner of a pedometer. The weight is
raised by the action of the person who has it in his pocket in taking a
step, and in falling it winds up the spring of the watch. On the face is
a small dial showing the number of hours for which the watch is wound
up. As soon as the hand of this dial points to fifty-six hours, the train
of levers which winds up the watch disconnects automatically, so as
to prevent overwinding the spring, and it reconnects again as soon as
the watch has run down eight hours. The watch is an excellent time-
keeper, and a walk of about a couple of miles is sufficient to wind it

*  Ogzanam, 1803 edition, vol. 11, p. 105; 1840 edition, p. 238.
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up for twenty-four hours.

MobEeLS. I may add here the observation, which is well known
to mathematicians, but is a perpetual source of disappointment to igno-
rant inventors, that it frequently happens that an accurate model of a
machine will work satisfactorily while the machine itself will not do so.

One reason for this is as follows. If all the parts of a model are
magnified in the same proportion, say m, and if thereby a line in it is
increased in the ratio m : 1, then the areas and volumes in it will be
increased respectively in the ratios m? : 1 and m? : 1. For example, if
the side of a cube is doubled then a face of it will be increased in the
ratio 4 : 1 and its volume will be increased in the ratio 8 : 1.

Now if all the linear dimensions are increased m times, then some
of the forces that act on a machine (such, for example, as the weight
of part of it) will be increased m? times, while others which depend on
area (such as the sustaining power of a beam) will be increased only
m? times. Hence the forces that act on the machine and are brought
into play by the various parts may be altered in different proportions,
and thus the machine may be incapable of producing results similar to
those which can be produced by the model.

The same argument has been adduced in the case of animal life
to explain why very large specimens of any particular breed or species
are usually weak. For example, if the linear dimensions of a bird were
increased n times, the work necessary to give the power of flight would
have to be increased no less than n” times’. Again, if the linear di-
mensions of a man of height 5 ft. 10 in. were increased by one-seventh
his height would become 6 ft. 8 in., but his weight would be increased
in the ratio 512 : 343 (i.e. about half as much again), while the cross
sections of his legs, which would have to bear this weight, would be
increased only in the ratio 64 : 49; thus in some respects he would be
less efficient than before. Of course the increased dimensions, length of
limb, or size of muscle might be of greater advantage than the relative
loss of strength; hence the problem of what are the most efficient pro-
portions is not simple, but the above argument will serve to illustrate
the fact that the working of a machine may not be similar to that of
a model of it.

*  Helmholtz, Gesammelte Abhandlungen, Leipzig, 1881, vol. 1, p. 165.
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Leaving now these elementary considerations I pass on to some
other mechanical questions.

SAILING QUICKER THAN THE WIND.  As a kinematical paradox
I may allude to the possibility of sailing quicker than the wind blows,
a fact which strikes many people as curious.

The explanation” depends on the consideration of the velocity of
the wind relative to the boat. Perhaps, however, a non-mathematician
will find the solution simplified if I consider first the effect of the wind-
pressure on the back of the sail which drives the boat forward, and
second the resistance to motion caused by the sail being forced through
the air.

When the wind is blowing against a plane sail the resultant pres-
sure of the wind on the sail may be resolved into two components, one
perpendicular to the sail (but which in general is not a function only
of the component velocity in that direction, though it vanishes when
that component vanishes) and the other parallel to its plane. The lat-
ter of these has no effect on the motion of the ship. The component
perpendicular to the sail tends to move the ship in that direction. This
pressure, normal to the sail, may be resolved again into two compo-
nents, one in the direction of the keel of the boat, the other in the
direction of the beam of the boat. The former component drives the
boat forward, the latter to leeward. It is the object of a boat-builder to
construct the boat on lines so that the resistance of the water to motion
forward shall be as small as possible, and the resistance to motion in
a perpendicular direction (i.e. to leeward) shall be as large as possible;
and I will assume for the moment that the former of these resistances
may be neglected, and that the latter is so large as to render motion
in that direction impossible.

Now, as the boat moves forward, the pressure of the air on the
front of the sail will tend to stop the motion. As long as its component
normal to the sail is less than the pressure of the wind behind the sail
and normal to it, the resultant of the two will be a force behind the sail
and normal to it which tends to drive the boat forwards. But as the
velocity of the boat increases, a time will arrive when the pressure of
the wind is only just able to balance the resisting force which is caused
by the sail moving through the air. The velocity of the boat will not

*  Ogzanam, 1803 edition, vol. 111, pp. 359, 367; 1840 edition, pp. 540, 543.
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increase beyond this, and the motion will be then what mathematicians
describe as “steady.”

In the accompanying figure, let BAR represent the keel of a boat,
B being the bow, and let SAL represent the sail. Suppose that the
wind is blowing in the direction WA with a velocity u; and that this
direction makes an angle # with the keel, i.e. angle WAR = 0. Suppose
that the sail is set so as to make an angle o with the keel, i.e. angle
BAS = «, and therefore angle WAL = 6 + «. Suppose finally that v
is the velocity of the boat in the direction AB.

I have already shown that the solution of the problem depends on
the relative directions and velocities of the wind and the boat; hence
to find the result reduce the boat to rest by impressing on it a velocity
v in the direction BA. The resultant velocity of v parallel to BA and
of u parallel to WA will be parallel to SL, if vsina = usin(6 + «); and
in this case the resultant pressure perpendicular to the sail vanishes.

Thus, for steady motion we have vsina = wusin(f + «). Hence,
whenever sin(f + «) > sina, we have v > wu. Suppose, to take one
instance, the sail to be fixed, that is, suppose « to be a constant. Then
v is a maximum if § + o = %’ﬂ', that is, if 6 is equal to the complement
of a. In this case we have v = w cosec «, and therefore v is greater than
u. Hence, if the wind makes the same angle o abaft the beam that
the sail makes with the keel, the velocity of the boat will be greater
than the velocity of the wind.

Next, suppose that the boat is running close to the wind, so that
the wind is before the beam (see figure below), then in the same way
as before we have vsina = wusin(f 4+ «), or vsina = wusiny, where
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¢ = angle WAS = m — 0 — a. Hence v = wusin ¢ cosec a.
Let w be the component velocity of the boat in the teeth of the
wind, that is, in the direction AW. Then we have w = vcos BAW =

veos(a + ) = usingpcosecacos(a + ¢). If a is constant, this is
a maximum when ¢ = iﬂ' — %a; and, if ¢ has this value, then
w o= %u(cosecoz — 1). This formula shows that w is greater than

u, if sina < % Thus, if the sails can be set so that « is less than

sin™* %, that is, rather less than 19°29’) and if the wind has the direc-
tion above assigned, then the component velocity of the boat in the
face of the wind is greater than the velocity of the wind.

The above theory is curious, but it must be remembered that in
practice considerable allowance has to be made for the fact that no
boat for use on water can be constructed in which the resistance to

\W

motion in the direction of the keel can be wholly neglected, or which
would not drift slightly to leeward if the wind was not dead astern.
Still this makes less difference than might be thought by a landsman.
In the case of boats sailing on smooth ice the assumptions made are
substantially correct, and the practical results are said to agree closely
with the theory.

BoAT MOVED BY A ROPE.  There is a form of boat-racing, occa-
sionally used at regattas, which affords a somewhat curious illustration
of certain mechanical principles. The only thing supplied to the crew
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is a coil of rope, and they have, without leaving the boat, to propel it
from one point to another as rapidly as possible. The motion is given by
tying one end of the rope to the after thwart, and giving the other end
a series of violent jerks in a direction parallel to the keel. I am told that
in still water a pace of two or three miles an hour can be thus attained.

The chief cause for this result seems to be that the friction between
the boat and the water retards all relative motion, but is not great
enough to materially affect motion caused by a sufficiently big impulse.
Hence the usual movements of the crew in the boat do not sensibly
move the centre of gravity of themselves and the boat, but this does
not apply to an impulsive movement, and if the crew in making a jerk
move their centre of gravity towards the bow n times more rapidly than
it returns after the jerk, then the boat is impelled forwards at least n
times more than backwards: hence on the whole the motion is forwards.

MoTIiON OF FLUIDS AND MOTION IN FLUIDS.  The theories of
motion of fluids and motion in fluids involve considerable difficulties.
Here I will mention only one or two instances—mainly illustrations of
Hauksbee’s Law.

Hauksbee’s Law. When a fluid is in rapid motion the pressure is
less than when it is at rest”. Thus, if a current of air is moving in a tube,
the pressure on the sides of the tube is less than when the air is at rest—
and the quicker the air moves the smaller is the pressure. This fact was
noticed by Hauksbee nearly two centuries ago. In an elastic perfect fluid
in which the pressure is proportional to the density, the law connecting
the pressure, p, and the steady velocity, v, is p = [la" where II and
« are constants: the establishment of corresponding formula for gases
where the pressure is proportional to a power of the density presents
no difficulty.

This principle is illustrated by a twopenny toy, on sale in most
toy-shops, called the pneumatic mystery. It consists of a tube, with a
cup-shaped end in which rests a wooden ball. If the tube is held in a
vertical position, with the mouthpiece at the upper end and the cup at

*  See Besant, Hydromechanics, Cambridge, 1867, art. 149, where however it is
assumed that the pressure is proportional to the density. Hauksbee was the
earliest writer who called attention to the problem, but I do not know who first
explained the phenomenon; some references to it are given by Willis, Cambridge
Philosophical Transactions, 1830, vol. 111, pp. 129-140.
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the lower end, then, if anyone blows hard through the tube and places
the ball against the cup, the ball will remain suspended there. The
explanation is that the pressure of the air below the ball is so much
greater than the pressure of the air in the cup that the ball is held up.

The same effect may be produced by fastening to one end of a tube
a piece of cardboard having a small hole in it. If a piece of paper is
placed over the hole and the experimenter blows through the tube, the
paper will not be detached from the card but will bend so as to allow
the egress of the air.

An exactly similar experiment, described in many text-books on
hydromechanics, is made as follows. To one end of a straight tube a
plane disc is fitted which is capable of sliding on wires projecting from
the end of the tube. If the disc is placed at a small distance from the
end, and anyone blows steadily into the tube, the disc will be drawn
towards the tube instead of being blown off the wires, and will oscillate
about a position near the end of the tube.

In the same way we may make a tube by placing two books on a
table with their backs parallel and an inch or so apart and laying a
sheet of newspaper over them. If anyone blows steadily through the
tube so formed, the paper will be sucked in instead of being blown out.

The following experiment is explicable by the same argument. On
the top of a vertical axis balance a thin horizontal rod. At each end
of this rod fasten a small vertical square or sail of thin cardboard—the
two sails being in the same plane. If anyone blows close to one of these
squares and in a direction parallel to its plane, the square will move
towards the side on which one is blowing, and the rod with the two
sails will rotate about the axis.

The experiments above described can be performed so as to illus-
trate Hauksbee’s Law; but unless care is taken other causes will be also
introduced which affect the phenomena: it is however unnecessary for
my purpose to go into these details.

Cut on a Tennis-Ball. Racquet and tennis players know that if a
strong cut is given to a ball it can be made to rebound off a vertical
wall and then (without striking the floor or any other wall) return and
hit the wall again.

This affords another illustration of Hauksbee’s Law. The expla-
nation” is that the cut causes the ball to rotate rapidly about an axis

* See Magnus on ‘Die Abweichung der Geschosse’ in the Abhandlungen der
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through its centre of figure, and the friction of the surface of the ball
on the air produces a sort of whirlpool. This rotation is in addition to
its motion of translation. Suppose the ball to be spherical and rotat-
ing about an axis through its centre perpendicular to the plane of the
paper in the direction of the arrow-head, and at the same time moving
through still air from left to right parallel to P(). Any motion of the
ball perpendicular to P@Q will be produced by the pressure of the air
on the surface of the ball, and this pressure will, by Hauksbee’s Law,
be greatest where the velocity of the air relative to the ball is least,
and vice versa. To find the velocity of the air relative to the ball we
may reduce the centre of the ball to rest, and suppose a stream of air
to impinge on the surface of the ball moving with a velocity equal and
opposite to that of the centre of the ball. The air is not frictionless,
and therefore the air in contact with the surface of the ball will be set
in motion, by the rotation of the ball and will form a sort of whirlpool
rotating in the direction of the arrow-head in the figure. To find the
actual velocity of this air relative to the ball we must consider how the
motion due to the whirlpool is affected by the motion of the stream
of air parallel to QP. The air at A in the whirlpool is moving against
the stream of air there, and therefore its velocity is retarded: the air
at B in the whirlpool is moving in the same direction as the stream
of air there, and therefore its velocity is increased. Hence the relative
velocity of the air at A is less than that at B, and since the pressure
of the air is greatest where the velocity is least, the pressure of the air
on the surface of the ball at A is greater than on that at B, Hence
the ball is forced by this pressure in the direction from the line PQ),

R

P Q

which we may suppose to represent the section of the vertical wall in

Akademie der Wissenschaften, Berlin, 1852, pp. 1-23; Lord Rayleigh, ‘On the
wrreqular flight of a tennis ball, Messenger of Mathematics, Cambridge, 1878,
vol. viI, pp. 14-16.
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a racquet-court. In other words, the ball tends to move at right angles
to the line in which its centre is moving and in the direction in which
the surface of the front of the ball is being carried by the rotation.

In the case of a lawn tennis-ball, the shape of the ball is altered by
a strong cut, and this introduces additional complications.

Spin on a Cricket-Ball. The curl of a cricket-ball in its flight
through the air, caused by a spin given by the bowler in delivering
the ball, is explained by the same reasoning.

Thus suppose the ball is delivered in a direction lying in a vertical
plane containing the two middle stumps of the wickets. A spin round a
horizontal axis parallel to the crease in a direction which the bowler’s
umpire would describe as positive, namely, counter clock-wise, will, in
consequence of the friction of the air, cause it to drop, and therefore
decrease the length of the pitch. A spin in the opposite direction will
cause it to rise, and therefore lengthen the pitch. A spin round a
vertical axis in the positive direction, as viewed from above, will make
it curl sideways in the air to the left, that is, from leg to off. A spin
in the opposite direction will make it curl to the right. A spin given
to the ball round the direction of motion of the centre of the ball will
not sensibly affect the motion through the air, though it would cause
the ball, on hitting the ground, to break. Of course these various kinds
of spin can be combined.

The questions involving the application of Hauksbee’s Law are easy
as compared with many of the problems in fluid motion. The analy-
sis required to attack most of these problems is beyond the scope of
this book, but one of them may be worth mentioning even though no
explanation is given.

The Theory of the Flight of Birds. A mechanical problem of great
interest is the explanation of the means by which birds are enabled to
fly for considerable distances with no (perceptible) motion of the wings.
Albatrosses, to take an instance of special difficulty, have been known
to follow for some days ships running at the rate of nine or ten knots,
and sometimes for considerable periods there is no motion of the wings
or body which can be detected, while even if the bird moved its wings
it is not easy to understand how it has the muscular energy to propel
itself so rapidly and for such a length of time. Of this phenomenon
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various explanations” have been suggested. Notable among these are
Mr Maxim’s of upward air-currents, Lord Rayleigh’s of variations of the
wind velocity at different heights above the ground, Dr S.P. Langley’s
of the incessant occurrence of gusts of wind separated by lulls, and
Dr Bryan’s of vortices in the atmosphere.

It now seems reasonably certain that the second and third of these
sources of energy account for at least a portion of the observed phenom-
ena. The effect of the third cause may be partially explained by noting
that the centre of gravity of the bird with extended wings is slightly
below the aeroplane or wing surface, so that the animal forms a sort
of parachute. The effect of a sudden gust of wind upon such a body
is that the aeroplane is set in motion more rapidly than the suspended
mass, causing the structure to heel over so as to receive the wind on
the under surface of the aeroplane, and this lifts the suspended mass
giving it an upward velocity. When the wind falls the greater inertia of
the mass carries it on upwards causing the aeroplane to again present
its under side to the air; and if while the parachute is in this position
the wind is still blowing from the side, the suspended mass is again
lifted. Thus the more the bird is blown about, the more it rises in the
air; actually birds in flight are carried up by a sudden side gust of wind
as we should expect from this theory.

The fact that the bird is in motion tends also to keep it up, for
it has been recently shown that a horizontal plane under the action of
gravity falls to the ground more slowly if it is travelling through the air
with horizontal velocity than it would do if allowed to fall vertically,
hence the bird’s forward motion causes it to fall through a smaller
height between successive gusts of wind than it would do if it were at
rest, Moreover it has been proved experimentally that the horsepower
required to support a body in horizontal flight by means of an aeroplane
is less for high than for low speeds: hence when a side-wind (that is,
a wind at right angles to the bird’s course) strikes the bird, the lift is
increased in consequence of the bird’s forward velocity.

CURIOSA PHYSICA.  When I was writing the first edition of these
“Recreations,” I put together a chapter, following this one, on “Some
Physical Questions,” dealing with problems such as, in the Theory of

* See G.H. Bryan in the Transactions of the British Association for 1896,
vol. LXVI, pp. 726-728.
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Sound, the explanation of the fact that in some of Captain Parry’s ex-
periments the report of a cannon, when fired, travelled so much more
rapidly than the sound of the human voice that observers heard the re-
port of the cannon when fired before that of the order to fire it": in the
Kinetic Theory of Gases, the complications in our universe that might
be produced by “Maxwell’s demon”: in the Theory of Optics, the ex-
planation of the Japanese “magic mirrors,”* which reflect the pattern
on the back of the mirror (on which the light does not fall): to which
I might add the theory of the “spectrum top,” by means of which a
white surface, on which some black lines are drawn, can be moved so
as to give the impression® that the lines are coloured (red, green, blue,
slate, or drab), and the curious fact that the colours change with the
direction of rotation: it has also been recently shown that if two trains
of waves, whose lengths are in the ratio m — 1 : m + 1, be superposed,
then every mth wave in the system will be big—thus the current opin-
ion that every ninth wave in the open sea is bigger than the other waves
may receive scientific confirmation. There is no lack of interesting and
curious phenomena in physics, and in some branches, notably in elec-
tricity and magnetism, the difficulty is rather one of selection, but I felt
that the connection with mathematics was in general either too remote
or too technical to justify the insertion of such a collection in a work
on elementary mathematical recreations, and therefore I struck out the
chapter. I mention the fact now partly to express the hope that some
physicist will one day give us a collection of the kind, partly to suggest
these questions to those who are interested in such matters.

The fact is well authenticated. Mr Earnshaw (Philosophical Transactions, Lon-
don, 1860, pp. 133-148) explained it by the acceleration of a wave caused by
the formation of a kind of bore, a view accepted by Clerk Maxwell and most
physicists, but Sir George Airy thought that the explanation was to be found in
physiology; see Airy’s Sound, second edition, London, 1871, pp. 141, 142.

1t See Theory of Heat, by J. Clerk Maxwell, second edition, London, 1872, p. 308.
1 See a memoir by W.E. Ayrton and J. Perry, Proceedings of the Royal Society of

London, part 1, 1879, vol. XXVIII, pp. 127-148.

§ See letters from Mr C.E. Benham and others in Nature, 1894-5; and a memoir
by Prof. Liveing, Cambridge Philosophical Society, November 26, 1894.
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CHAPTER IV.

SOME MISCELLANEOUS QUESTIONS.

I PROPOSE to discuss in this chapter the mathematical theory of
certain of the more common mathematical amusements and games.
Some of these might have been treated in the first two chapters, but,
since most of them involve mixed geometry and algebra, it is rather
more convenient to deal with them apart from the problems and puzzles
which have been described already. This division, however, is by no
means well defined, and the arrangement is based on convenience rather
than on any logical distinction.

The majority of the questions here enumerated have no connection
one with another, and I jot them down almost at random.

I shall discuss in succession the Fifteen Puzzle, the Tower of Hanot,
Chinese Rings, the FEight Queens Problem, the Fifteen School-Girls
Problem, and some miscellaneous Problems connected with a pack of
cards.

THE FIFTEEN PUZZLE'. Some years ago the so-called fifteen
puzzle was on sale in all toy-shops. It consists of a shallow wooden
box—one side being marked as the top—in the form of a square, and
contains fifteen square blocks or counters numbered 1, 2, 3... up to 15.
The box will hold just sixteen such counters, and, as it contains only
fifteen, they can be moved about in the box relatively to one another.
Initially they are put in the box in any order, but leaving the sixteenth

* There are two articles on the subject in the American Journal of Mathematics

1879, vol. 11, by Professors Woolsey Johnson and Story; but the whole theory is
deducible immediately from the proposition I give above in the text.
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cell or small square empty; the puzzle is to move them so that finally
they occupy the position shown in the first of the annexed figures.

C Top of Box D

1 2 3 4 2 1 4 3
5 6 7 8 6 5 8 7
9 10 11 12 10 9 12 11
13 14 15 13 14 15

A Bottom of Box B

We may represent the various stages in the game by supposing that
the blank space, occupying the sixteenth cell, is moved over the board,
ending finally where it started.

The route pursued by the blank space may consist partly of tracks
followed and again retraced, which have no effect on the arrangement,
and partly of closed paths travelled round, which necessarily are cycli-
cal permutations of an odd number of counters. No other motion is
possible.

Now a cyclical permutation of n letters is equivalent to n—1 simple
interchanges; accordingly an odd cyclical permutation is equivalent to
an even number of simple interchanges. Hence, if we move the counters
so as to bring the blank space back into the sixteenth cell, the new
order must differ from the initial order by an even number of simple
interchanges. If therefore the order we want to get can be obtained from
this initial order only by an odd number of interchanges, the problem
is incapable of solution; if it can be obtained by an even number, the
problem is possible.

Thus the order in the second of the diagrams given on the current
page is deducible from that in the first diagram by six interchanges;
namely, by interchanging the counters 1 and 2, 3 and 4, 5 and 6, 7 and
8, 9 and 10, 11 and 12. Hence the one can be deduced from the other
by moving the counters about in the box.

If however in the second diagram the order of the last three counters
had been 13, 15, 14, then it would have required seven interchanges of
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counters to bring them into the order given in the first diagram. Hence
in this case the problem would be insoluble.

The easiest way of finding the number of simple interchanges neces-
sary in order to obtain one given arrangement from another is to make
the transformation by a series of cycles. For example, suppose that we
take the counters in the box in any definite order, such as taking the
successive rows from left to right, and suppose the original order and
the final order to be respectively

1, 13, 2, 3, 5, 7, 12, 8, 15, 6, 9, 4, 11, 10, 14,
and 11, 2, 3, 4, 5, 6, 7, 1, 9, 10, 13, 12, 8, 14, 15.

We can deduce the second order from the first by 12 simple inter-
changes. The simplest way of seeing this is to arrange the process in
three separate cycles as follows:—

1, 11, 8: | 13, 2, 3, 4, 12, 7, 6, 10, 14, 15, 9: | 5.
11, 8 1:| 2 3,4, 12, 7,6, 10, 14, 15, 9, 13; | 5.

Thus, if in the first row of figures 11 is substituted for 1, then 8 for
11, then 1 for 8, we have made a cyclical interchange of 3 numbers,
which is equivalent to 2 simple interchanges (namely, interchanging 1
and 11, and then 1 and 8). Thus the whole process is equivalent to one
cyclical interchange of 3 numbers, another of 11 numbers, and another
of 1 number. Hence it is equivalent to (2+ 10+ 0) simple interchanges.
This is an even number, and thus one of these orders can be deduced
from the other by moving the counters about in the box.

It is obvious that, if the initial order is the same as the required
order except that the last three counters are in the order 15, 14, 13,
it would require one interchange to put them in the order 13, 14, 15;
hence the problem is insoluble.

If however the box is turned through a right angle, so as to make
AD the top, this rotation will be equivalent to 13 simple interchanges.
For, if we keep the sixteenth square always blank, then such a rotation
would change any order such as

1, 2, 3, 4, 5 6, 7,8 9, 10, 11, 12, 13, 14, 15,
to 13, 9, 5, 1, 14, 10, 6, 2, 15, 11, 7, 3, 12, 8, 4,
which is equivalent to 13 simple interchanges. Hence it will change the

arrangement from one in which a solution is impossible to one where
it is possible, and vice versa.
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Again, even if the initial order is one which makes a solution impos-
sible, yet if the first cell and not the last is left blank it will be possible
to arrange the fifteen counters in their natural order. For, if we repre-
sent the blank cell by b, this will be equivalent to changing the order

1, 2, 3, 4, 5, 6, 7, 8 9, 10, 11, 12, 13, 14, 15, b,
b, 1, 2, 3, 4,5 6, 7,8 9, 10, 11, 12, 13, 14, 15 :

this is a cyclical interchange of 16 things and therefore is equivalent
to 15 simple interchanges. Hence it will change the arrangement from
one in which a solution is impossible to one where it is possible, and
vice versa.

It is evident that the above principles are applicable equally to a
rectangular box containing mn cells or spaces and mn — 1 counters
which are numbered. Of course m may be equal to n. If such a box
is turned through a right angle, and m and n are both even, it will
be equivalent to mn — 3 simple interchanges—and thus will change an
impossible position to a possible one, and vice versa—but unless both
m and n are even the rotation is equivalent to only an even number of
interchanges. Similarly, if either m or n is even, and it is impossible
to solve the problem when the last cell is left blank, then it will be
possible to solve it by leaving the first cell blank.

The problem may be made more difficult by limiting the possible
movements by fixing bars inside the box which will prevent the move-
ment of a counter transverse to their directions. We can conceive also
of a similar cubical puzzle, but we could not work it practically except
by sections.

THE TOWER OF HANOI. I may mention next the ingenious puz-
zle known as the Tower of Hanoi. It was brought out in 1883 by
M. Claus (Lucas).

It consists of three pegs fastened to a stand, and of eight circular
discs of wood or cardboard each of which has a hole in the middle so
that a peg can be put through it. These discs are of different radii,
and initially they are placed all on one peg, so that the biggest is at
the bottom, and the radii of the successive discs decrease as we ascend:
thus the smallest disc is at the top. This arrangement is called the
Tower. The problem is to shift the discs from one peg to another in
such a way that a disc shall never rest on one smaller than itself, and
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finally to transfer the tower (i.e. all the discs in their proper order)
from the peg on which they initially rested to one of the other pegs.

The method of effecting this is as follows. (i) If initially there
are n discs on the peg A, the first operation is to transfer gradually
the top n — 1 discs from the peg A to the peg B, leaving the peg C
vacant: suppose that this requires x separate transfers. (ii) Next, move
the bottom disc to the peg C. (iii) Then, reversing the first process,
transfer gradually the n — 1 discs from B to C, which will necessitate
x transfers. Hence, if it requires x transfers of simple discs to move a
tower of n — 1 discs, then it will require 2z + 1 separate transfers of
single discs to move a tower of n discs. Now with 2 discs it requires 3
transfers, i.e. 22 —1 transfers; hence with 3 discs the number of transfers
required will be 2(22 — 1) + 1, that is, 22 — 1. Proceeding in this way we
see that with a tower of n discs it will require 2" — 1 transfers of single
discs to effect the complete transfer. Thus the eight discs of the puzzle
will require 255 single transfers. The result can be also obtained by the
theory of finite differences. It will be noticed that every alternate move
consists of a transfer of the smallest disc from one peg to another, the
pegs being taken in cyclical order.

M. De Parville gives an account of the origin of the toy which is
a sufficiently pretty conceit to deserve repetition”. In the great temple
at Benares, says he, beneath the dome which marks the centre of the
world, rests a brass-plate in which are fixed three diamond needles,
each a cubit high and as thick as the body of a bee. On one of these
needles, at the creation, God placed sixty-four discs of pure gold, the
largest disc resting on the brass plate, and the others getting smaller
and smaller up to the top one. This is the Tower of Bramah. Day and
night unceasingly the priests transfer the discs from one diamond needle
to another according to the fixed and immutable laws of Bramah, which
require that the priest must not move more than one disc at a time and
that he must place this disc on a needle so that there is no smaller disc
below it. When the sixty-four discs shall have been thus transferred
from the needle on which at the creation God placed them to one of
the other needles, tower, temple, and Brahmins alike will crumble into
dust, and with a thunder-clap the world will vanish. Would that English
writers were in the habit of inventing equally interesting origins for the
puzzles they produce!

*  La Nature, Paris, 1884, part 1, pp. 285-286.
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The number of separate transfers of single discs which the Brahmins
must make to effect the transfer of the tower is 264 — 1, that is, is
18,446744,073709,551615: a number which, even if the priests never
made a mistake, would require many thousands of millions of years
to carry out.

CHINESE RINGS". A somewhat more elaborate toy, known as
Chinese Rings, which is on sale in most English toy-shops, is repre-
sented in the accompanying figure. It consists of a number of rings

hung upon a bar in such a manner that the ring at one end (say A)
can be taken off or put on the bar at pleasure; but any other ring
can be taken off or put on only when the one next to it towards A is
on, and all the rest towards A are off the bar. The order of the rings
cannot be changed.

Only one ring can be taken off or put on at a time. [In the toy,
as usually sold, the first two rings form an exception to the rule. Both
these can be taken off or put on together. To simplify the discussion
I shall assume at first that only one ring is taken off or put on at a
time.] I proceed to show that, if there are n rings, then in order to

* It was described by Cardan in 1550 in his De Subtilitate, bk. XV, paragr. 2, ed.
Sponius, vol. 111, p. 587; by Wallis in his Algebra, second edition, 1693, Opera,
vol. 11, chap. 111, pp. 472-478; and allusion is made to it also in Ozanam’s
Récréations, 1723 edition, vol. 1v, p. 439.
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disconnect them from the bar, it will be necessary to take a ring off or
to put a ring on either 3(2"*! —1) times or 3(2"*! —2) times according
as n is odd or even.

Let the taking a ring off the bar or putting a ring on the bar be
called a step. It is usual to number the rings from the free end A. Let
us suppose that we commence with the first m rings off the bar and
all the rest on the bar; and suppose that then it requires x — 1 steps
to take off the next ring, that is, it requires x — 1 additional steps to
arrange the rings so that the first m + 1 of them are off the bar and
all the rest are on it. Before taking these steps we can take off the
(m 4+ 2)th ring and thus it will require x steps from our initial position
to remove the (m + 1)th and (m + 2)th rings.

Suppose that these x steps have been made and that thus the first
m + 2 rings are off the bar and the rest on it, and let us find how
many additional steps are now necessary to take off the (m + 3)th and
(m + 4)th rings. To take these off we begin by taking off the (m + 4)th
ring: this requires 1 step. Before we can take off the (m+ 3)th we must
arrange the rings so that the (m + 2)th is on and the first m + 1 rings
are off: to effect this, (i) we must get the (m + 1)th ring on and the
first m rings off, which requires x — 1 steps, (ii) then we must put on
the (m + 2)th ring, which requires 1 step, (iii) and lastly we must take
the (m + 1)th ring off, which requires x — 1 steps: thus this series of
movements requires in all {2(z — 1) + 1} steps. Next we can take the
(m + 3)th ring off, which requires 1 step; this leaves us with the first
m + 1 rings off, the (m + 2)th on, the (m + 3)th off and all the rest
on. Finally to take off the (m + 2)th ring, (i) we get the (m + 1)th ring
on and the first m rings off, which requires x — 1 steps, (ii) we take off
the (m + 2)th ring, which requires 1 step, (iii) we take (m + 1)th ring
off, which requires x — 1 steps: thus this series of movements requires
{2(x — 1) + 1} steps.

Therefore, if when the first m rings are off it requires x steps to
take off the (m + 1)th and (m + 2)th rings, then the number of addi-
tional steps required to take off the (m + 3)th and (m + 4)th rings is
1+ {2z —1)+ 1} + 14+ {2(x — 1) + 1}, that is, is 4z.

To find the whole number of steps necessary to take off an odd
number of rings we proceed as follows.

To take off the first ring requires 1 step;

to take off the first 3 rings requires 4 additional steps;

’” 9 5 9 ’ 42 9 ”
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In this way we see that the number of steps required to take off the
first 2n + 1 rings is 1 +4 4+ 4%+ - .- 4+ 4", which is equal to %(22’“r2 —1).

To find the number of steps necessary to take off an even number
of rings we proceed in a similar manner.

To take off the first 2 rings requires 2 steps;

to take off the first 4 rings requires 2 x 4 additional steps;

o 7 K 6 v 2 x 42 K 7 :

In this way we see that the number of steps required to take off the
first 2n rings is 24 (2 x 4) + (2 x 4%) + - - - + (2 x 4"71), which is equal
to %(227"“rl —2).

If we take off or put on the first two rings in one step instead of
two separate steps, these results become respectively 22 and 22"~! —1.

I give the above analysis because it is the direct solution of a prob-
lem attacked by Cardan in 1550 and by Wallis in 1693—in both cases
unsuccessfully—and which at one time attracted some attention. I pro-
ceed next to give another solution, more elegant though rather artificial.

This solution, which is due to M. Gros”, depends on a convention
by which any position of the rings is denoted by a certain number
expressed in the binary scale of notation in such a way that a step is
indicated by the addition or subtraction of unity.

Let the rings be indicated by circles: if a ring is on the bar, it is
represented by a circle drawn above the bar; if the ring is off the bar, it
is represented by a circle below the bar. Thus figure i below represents
a set of seven rings of which the first two are off the bar, the next three
are on it, the sixth is off it, and the seventh is on it.

Denote the rings which are on the bar by the digits 1 or 0 alter-
nately, reckoning from left to right, and denote a ring which is off the
bar by the digit assigned to that ring on the bar which is nearest to it
on the left of it, or by a 0 if there is no ring to the left of it.

Thus the three positions indicated below are denoted respectively
by the numbers written below them. The position represented in fig-
ure ii is obtained from that in figure i by putting the first ring on to the
bar, while the position represented in figure iii is obtained from that in
figure i by taking the fourth ring off the bar.

It follows that every position of the rings is denoted by a number
expressed in the binary scale: moreover, since in going from left to right

*  Théorie du Baguenodier, by L. Gros, Lyons, 1872. I take the account of this

from Lucas, vol. 1, part 7.
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|O OO0OO |[O 00O O O O O
I o O O I o O I o o oo
1101000 1101001 1100111
Figure 1. Figure ii. Figure iii.

every ring on the bar gives a variation (that is, 1 to 0 or 0 to 1) and
every ring off the bar gives a continuation, the effect of a step by which
a ring is taken off or put on the bar is either to subtract unity from this
number or to add unity to it. For example, the number denoting the
position of the rings in figure ii is obtained from the number denoting
that in figure i by adding unity to it. Similarly the number denoting the
position of the rings in figure iii is obtained from the number denoting
that in figure i by subtracting unity from it.

The position when all the seven rings are off the bar is denoted by
the number 0000000: when all of them are on the bar by the number
1010101. Hence to change from one position to the other requires a
number of steps equal to the difference between these two numbers in
the binary scale. The first of these numbers is 0: the second is equal
to 26 + 2% 4+ 22 4+ 1, that is, to 85. Therefore 85 steps are required.
In a similar way we may show that to put on a set of 2n + 1 rings
requires (1+2' 4224 ... +2°") steps, that is, 5(2?"*% — 1) steps; and
to put on a set of 2n rings requires (2 + 23 + ... + 2?"71) steps, that
is, (2" — 2) steps.

I append a table indicating the steps necessary to take off the first
four rings from a set of five rings. The diagrams in the middle column
show the successive position of the rings after each step. The num-
ber following each diagram indicates that position, each number being
obtained from the one above it by the addition of unity. The steps
which are bracketed together can be made in one movement, and, if
thus effected, the whole process is completed in 7 movements instead
of 10 steps: this is in accordance with the formula given above.

M. Gros asserted that it is possible to take from 64 to 80 steps
a minute, which in my experience is a rather high estimate. If we
accept the lower of these numbers, it would be possible to take off 10
rings in less than 8 minutes; to take off 25 rings would require more
than 582 days, each of ten hours work; and to take off 60 rings would
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o
(@]
O
O
O

Initial position 10101

|
|
[O O O ¢
After 1st step | 0 10110

[O O O }

7 2nd 7 I o o 10111
|O o

7 3rd 7 | IS) o o 11000
|O o o

7 4th 7 | IS) o) 11001
| o O 0 O }

7 bth 7 | ) 11010
|O O O

” 6th ” | O o 11011
|O @)

7 Tth 7 | O O o 11100
|O 0O o

7 &h 7 I o o 11101
|O o

7 9th 7 o o o 11110}
|O

7 10th 7 o o o o 11111

necessitate no less than 768614, 336404, 564650 steps, and would require
nearly 55000, 000000 years work—assuming of course that no mistakes
were made.

THE EiGHT QUEENS PROBLEM'. The determination of the
number of ways in which eight queens can be placed on a chess-
board—or more generally, in which n queens can be placed on a
board of n? cells—so that no queen can take any other was proposed
originally by Nauck in 1850.

In 1874 Dr S. Giinther' suggested a method of solution by means
of determinants. For, if each symbol represents the corresponding cell
of the board, the possible solutions for a board of n? cells are given by

* On the history of this problem see W. Ahrens, Mathematische Unterhaltun-
gen und Spiele, Leipzig, 1901, chap. 1IX—a work issued subsequent to the third
edition of this book.

1t Grunert’s Archiv der Mathematik und Physik, 1874, vol. 1vI pp. 281-292.
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those terms, if any, of the determinant

aq b2 C3 d4 ............

in which no letter and no suffix appears more than once.

The reason is obvious. Every term in a determinant contains one
and only one element out of every row and out of every column: hence
any term will indicate a position on the board in which the queens
cannot take one another by moves rook-wise. Again in the above de-
terminant the letters and suffixes are so arranged that all the same
letters and all the same suffixes lie along bishop’s paths: hence, if we
retain only those terms in each of which all the letters and all the suf-
fixes are different, they will denote positions in which the queens cannot
take one another by moves bishop-wise. It is clear that the signs of the
terms are immaterial.

In the case of an ordinary chess-board the determinant is of the 8th
order, and therefore contains 8!, that is, 40320 terms, so that it would
be out of the question to use this method for the usual chess-board of
64 cells or for a board of larger size unless some way of picking out the
required terms could be discovered.

A way of effecting this was suggested by Dr J.W.L. Glaisher” in
1874, and as far as I am aware the theory remains as he left it. He
showed that if all the solutions of n queens on a board of n? cells were
known, then all the solutions of a certain type for n + 1 queens on a
board of (n+1)? cells could be deduced, and that all the other solutions
of n + 1 queens on a board of (n + 1) cells could be obtained without
difficulty. The method will be sufficiently illustrated by one instance
of its application.

It is easily seen that there are no solutions when n = 2 and n = 3.
If n = 4 there are two terms in the determinant which give solutions,
namely, bycsy3fBs and c30:bs7s. To find the solutions when n = 5,

*  Philosophical Magazine, London, December, 1874, series 4, vol. XLVIII, pp. 457—
467.
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Glaisher proceeded thus. In this case Giinther’s determinant is

a; by c3 dy es
Ba as by cs5 ds
Y3 Bs oas bs ¢
04 75 Bs ar bg
g5 06 7 B ag

To obtain those solutions (if any) which involve aq it is sufficient to ap-
pend ag to such of the solutions for a board of 16 cells as do not involve
a. As neither of those given above involves an a we thus get two solu-
tions, namely, bocsysBsag and c3fB2b6y5a9. The solutions which involve
ai, e5 and €5 can be written down by symmetry. The eight solutions
thus obtained are all distinct; we may call them of the first type.

The above are the only solutions which can involve elements in the
corner squares of the determinant. Hence the remaining solutions are
obtainable from the determinant

0 bg C3 d4 0
B as by cs5 ds
Y3 Ps oas bg
o4 5 Be ar bg

0 d 7 Bs O

If, in this, we take the minor of by and in it replace by zero every term
involving the letter b or the suffix 2 we shall get all solutions involving
by. But in this case the minor at once reduces to dgasds3s. We thus
get one solution, namely, bodgabds(3s. The solutions which involve [,
04, 0, Os, bs, dg, and dy can be obtained by symmetry. Of these eight
solutions it is easily seen that only two are distinct: these may be
called solutions of the second type.

Similarly the remaining solutions must be obtained from the de-

terminant
0 0 ¢g 0 O

0 as b4 Cx 0
Y3 Ba as bs cr
0 v B ar O
0 0 ~» 0 O

If, in this, we take the minor of c3, and in it replace by zero every
term involving the letter ¢ or the suffix 3, we shall get all the solutions



• Project • Gutenberg • #26839 •


100 MISCELLANEOUS MATHEMATICAL RECREATIONS. [CH. IV

which involve ¢3. But in this case the minor vanishes. Hence there is
no solution involving c3, and therefore by symmetry no solutions which
involve 73, 77, or c3. Had there been any solutions involving the third
element in the first or last row or column of the determinant we should
have described them as of the third type.

Thus in all there are ten and only ten solutions, namely, eight of
the first type, two of the second type, and none of the third type.

Similarly, if n = 6, we obtain no solutions of the first type, four
solutions of the second type, and no solutions of the third type; that
is, four solutions in all. If n = 7, we obtain sixteen solutions of the
first type, twenty-four solutions of the second type, no solutions of the
third type, and no solutions of the fourth type; that is, forty solutions
in all. If n = 8, we obtain sixteen solutions of the first type, fifty-six
solutions of the second type, and twenty solutions of the third type,
that is, ninety-two solutions in all.

It will be noticed that all the solutions of one type are not always
distinct. In general, from any solution seven others can be obtained at
once. Of these eight solutions, four consist of the initial or fundamen-
tal solution and the three similar ones obtained by turning the board
through one, two, or three right angles; the other four are the reflex-
ions of these in a mirror: but in any particular case it may happen
that the reflexions reproduce the originals, or that a rotation through
one or two right angles makes no difference. Thus on boards of 42,
52, 62, 72, 82, 92, 10? cells there are respectively 1, 2, 1, 6, 12, 46, 92
fundamental solutions; while altogether there are respectively 2, 10, 4,
40, 92, 352, 724 solutions.

The following collection of fundamental solutions may interest the
reader. The positions on the board of the queens are indicated by
digits: the first digit represents the number of the cell occupied by the
queen in the first column reckoned from one end of the column, the
second digit the number in the second column, and so on. Thus on a
board of 42 cells the solution 3142 means that one queen is on the 3rd
square of the first column, one on the 1st square of the second column,
one on the 4th square of the third column, and one on the 2nd square
of the fourth column. If a fundamental solution gives rise to only four
solutions the number which indicates it is placed in curved brackets, ( );
if it gives rise to only two solutions the number which indicates it is
placed in square brackets, [ |; the other fundamental solutions give rise
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to eight solutions each.

On a board of 42 cells there is 1 fundamental solution: namely,
[3142].

On a board of 5% cells there are 2 fundamental solutions: namely,
14253, [25314].

On a board of 62 cells there is 1 fundamental solution: namely,
(246135).

On a board of 72 cells there are 6 fundamental solutions: namely,
1357246, 3572461, (5724613), 4613572, 3162574, (2574136).

On a board of 8 cells there are 12 fundamental solutions: namely,
25713864, 57138642, 71386425, 82417536, 68241753, 36824175,
64713528, 36814752, 36815724, 72418536, 26831475, (64718253).
The arrangement in this order is due to Mr Oram. It will be noticed
that the 10th, 11th, and 12th solutions somewhat resemble the 4th,
6th, and 7th respectively. The 6th solution is the only one in which no
three queens are in a straight line.

On a board of 92 cells there are 46 fundamental solutions; one of
them is 248396157. On a board of 10? cells there are 92 fundamental
solutions; these were given by Dr A. Pein”; one of them is 246813579,
where ¢ stands for ten. On a board of 112 cells there are 341 funda-
mental solutions; these have been given by Dr T.B. Sprague’: one of
them is 15926t37¢48. I may add that for a board of n? cells there is
always a symmetrical solution of the form 246...n135... (n—1), when
n = 6m or n = 6m + 4, Also Mr Oram has shown that for a board
of n? cells, when n is a prime, cyclical arrangements of the n natural
numbers, other than in their natural order, will give solutions; see, for
instance, the solution quoted above.

The puzzle in the form of a board of 36 squares is sold in the
streets of London for a penny, a small wooden board being ruled in
the manner shown in the diagram and having holes drilled in it at the
points marked by dots. The object is to put six pins into the holes so
that no two are connected by a straight line.

*  Aufstellung von n Koniginnen auf einem Schachbrett von n? Feldern, Leipzig,

1889.
1 Proceedings of the Edinburgh Mathematical Society, vol. Xvii, 1898-9, pp. 43-68.
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Other Problems with Queens. Captain Turton called my atten-
tion to two other problems of a somewhat analogous character, neither
of which, as far as I know, has been published elsewhere, or solved
otherwise than empirically.

The first of these is to place eight queens on a chess-board so as
to command the fewest possible squares. Thus, if queens are placed on
cells 1 and 2 of the second column, on cell 2 of the sixth column, on cells
1, 3, and 7 of the seventh column, and on cells 2 and 7 of the eighth
column, eleven cells on the board will not be in check; the same number
can be obtained by other arrangements. Is it possible to place the eight
queens so as to leave more than eleven cells out of check? I have never
succeeded in doing so, nor in showing that it is impossible to do it.

The other problem is to place m queens (m being less than 5)
on a chess-board so as to command as many cells as possible. For
instance, four queens can be placed in several ways on the board so
as to command 58 cells besides those on which the queens stand, thus
leaving only 2 cells which are not commanded: ex. gr. this is effected if
the queens are placed on cell 5 of the third column, cell 1 of the fourth
column, cell 6 of the seventh column, and cell 2 of the eighth column;
or on cell 1 of the first column, cell 7 of the third column, cell 3 of the
fifth column, and cell 5 of the seventh column. A similar problem is to
determine the minimum number and the position of queens which can
be placed on a board of n? cells so as to occupy or command every cell.
It would seem that, even with the additional restriction that no queen
shall be able to take any other queen, there are no less than ninety-one
typical solutions in which five queens can be placed on a chess-board
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so as to command every cell”.

Eaxtension to other Chess Pieces. Analogous problems may be pro-
posed with other chess-pieces. For instance, questions as to the max-
imum number of knights which can be placed on a board of n? cells
so that no knight can take any other, and the minimum number of
knights which can be placed on it so as to occupy or command every
cell have been propounded!.

Similar problems have also been proposed for k kings placed on a
chess-board of n? cellst. It has been asserted that, if k¥ = 2, the number
of ways in which two kings can be placed on a board so that they may
not occupy adjacent squares is 3(n — 1)(n — 2)(n* + 3n — 2). Similarly,
if k& = 3, the number of ways in which three kings can be placed on
a board so that no two of them occupy adjacent squares is said to be
t(n—1)(n — 2)(n* 4+ 3n — 20n — 30n + 132).

THE FIFTEEN SCHOOL-GIRLS PROBLEM. This problem—
which was first enunciated by Mr T.P. Kirkman, and is sometimes
known as Kirkman’s problem%—consists in arranging fifteen things in
different sets of triplets. It is usually presented in the form that a
school-mistress was in the habit of taking her girls for a daily walk.

*  L’Intermédiaire des mathématiciens, Paris, 1901, vol. vIII, p. 88.

Ibid., March, 1896, vol. 111, p. 58; 1897, vol. 1v, p. 15, 254; and 1898, vol. v,
p. 87.

I Ibid., June, 1901, p. 140.

§ It was published first in the Lady’s and Gentleman’s Diary for 1850, p. 48,
and has been the subject of numerous memoirs. Among these I may single out
the papers by A. Cayley in the Philosophical Magazine, July, 1850, series 3,
vol. XXXVII, pp. 50-53; by T.P. Kirkman in the Cambridge and Dublin Math-
ematical Journal, 1850, vol. v, p. 260; by R.R. Anstice, Ibid., 1852, vol. vII,
pp- 279-292; by B. Pierce, Gould’s Journal, Cambridge, U.S., 1860, vol. vI,
pp. 169-174; by T.P. Kirkman, Philosophical Magazine, March, 1862, series 4,
vol. XX111, pp. 198-204; by W.S.B. Woolhouse in the Lady’s Diary for 1862,
pp- 84-88, and for 1863, pp. 79-90, and in the Educational Times Reprints,
1867, vol. vIil, pp. 76-83; by J. Power in the Quarterly Journal of Mathemat-
ics, 1867, vol. viir, pp. 236-251; by A.H. Frost, Ibid., 1871, vol. X1, pp. 26-37;
by E. Carpmael in the Proceedings of the London Mathematical Society, 1881,
vol. X11, pp. 148-156; by Lucas in his Récréations, vol. 11, part vi; by A.C. Dixon
in the Messenger of Mathematics, Cambridge, October, 1893, vol. XXIII, pp. 88—
89; and by W. Burnside, Ibid., 1894, vol. XX111, pp. 137-143. It has also, since
the issue of my third edition, been discussed by W. Ahrens in his Mathematische
Unterhaltungen und Spiele, Leipzig, 1901, chapter xiv.
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The girls were fifteen in number, and were arranged in five rows of
three each so that each girl might have two companions. The problem
is to dispose them so that for seven consecutive days no girl will walk
with any of her school-fellows more than once. More generally we may
require to arrange 3m girls in triplets to walk out for %(3m — 1) days,
so that no girl will walk with any of her school-fellows more than once.

The theory of the formation of all such possible triplets in the
case of fifteen girls is not difficult, but the extension to 3m girls is, as
yet, unsolved. I proceed to describe three methods of solution: these
methods are analytical, but I may add that the problem can be also
attacked by geometrical methods.

Frost’s Method. The first of these solutions is due to Mr Frost. A
full exposition of it would occupy a good deal of space, but I hope that
the following sketch will make the process intelligible.

Denote one of the girls by k. Her companions on each day are
different: suppose that on Sunday they are a; and as, on Monday by
and by, and so on, and finally on Saturday g; and ¢,. Hence for each
day we have one triplet, and we have to find four others, but in each
of the latter no two like letters can occur together, that is, the three
letters in any of them must be all different.

Let a stand for aq, or as, b for by or by, and so on. The suffixes 1
and 2 are called complementary. Then, since the three letters in each of
the triplets we are trying to find must be different, we must make some
arrangement such as putting a with bc, de, and fg; and, if so, b may be
associated with df and eg; and ¢ with dg and ef. Thus there are seven
possible triads, such as abe, ade, afg, bdf, beg, cdg, and cef. Moreover
each of these may stand for any one of four triplets: for instance, the
triad bdf may stand for any of the triplets bldl f17 bldgfg, bgdlfg, deQfl.

The four triads which do not involve a must be placed in the Sunday
column, the four which do not involve b in the Monday column, and so
on. Thus each triad will occur four times.

It only remains to insert the proper suffixes. This is done as follows.
Take one triad, such as bdf, and insert a different set of suffixes each
time that it occurs; for instance, the four sets given above. Next, the
other like letters (b, d, or f as the case may be) in these four columns
must have the complementary suffixes attached.

After this is done, the next triplet in the Sunday column will be
beeg. The triad beg occurs in four columns and includes four possi-
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ble triplets, such as byei1g1, baeags, bie1ge, bieagi. Insert these, and
then give the complementary suffixes to the other like letters in these
four columns.

In this way the arrangement is constructed gradually, by taking
one triad at a time, inserting the proper suffixes to the four triplets
included in it, and then the complementary suffixes in the other like
letter in the same columns.

One final arrangement, thus obtained, is as follows:

Sunday | Monday | Tuesday | Wednesday | Thursday | Friday | Saturday
kajaz | kbiby kcico kdyds keies | kfifa | kgig2

bidif1 | aidaes | ardie; azbaco asbicr | arbacr | arbicr
bee1g1 | azfage | a2figy ai fag1 a1 fig2 | axdger | azdiez
c1dage | c1digr | bidafo bie192 badyfo | breagy | badafi
caeafo | coe1f1 | baeage cies f1 cadagr | cadiga | cre1fo

We might obtain other solutions by selecting other seven triads or by
choosing other arrangements of the suffixes in each triad (or by merely
interchanging letters and suffixes in the above order). By these means
Mr Power showed that there are no less than 15567,552000 different
solutions; but, since the total number of ways in which the school can
walk out for a week in triplets is (455)7, the probability that any chance
way satisfies Kirkman’s condition is very small.

Frost’s method is applicable to the case of 22" — 1 girls walking out
for 227~! — 1 days in triplets. The detailed solution for 63 girls walking
out for 31 days, which corresponds to n = 3, have been given.

Anstice’s Method. Another method of attacking the problem is
due to Mr Anstice; it is illustrated by the following elegant solution,
by which from the order on Sunday we can obtain the order on the
following six days by a cyclical permutation. Let the girls be denoted
respectively by the letters k, ay, as, as, aq, as, ag, arz, by, ba, bs, by, bs,
bg, b7; and suppose the order on Sunday to be

kaibi, asazas, asbsbg, agbabr, azbsbs .

Then, if the suffixes are permuted cyclically, we obtain six other ar-
rangements which satisfy the conditions of the problem: the reason
being that in the above arrangement the difference of the suffixes of ev-
ery pair of like letters—such as either the “a”s or the “0”s—in a triplet
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is different for each triplet, as also is the difference of the suffixes of
every pair of unlike letters which are in a triplet.

Two other arrangements for Sunday, from which those for the re-
maining days are obtainable by cyclical permutations can be formed.
These are k:albl, aga3as, CL4b5b7, a6b364, a7b2b6; and kalbl, as030s, a4b2b6,
a6b5b7, a7bgb4.

Anstice’s method is applicable to the case of 2p + 1 girls walking
out for p days in triplets so that no pair may walk together more than
once, provided p is a prime of the form 12m + 7. In such a case he
showed how to construct a fundamental arrangement for one day from
which the arrangements for the remaining p — 1 days can be obtained
by cyclical permutations of suffixes. The number of such fundamental
arrangements is 3(2m + 1)(3m + 1).

The problem of 15 girls corresponds to m = 0, and the three fun-
damental Anstician arrangements are given above. If m = 1 we have
the problem of 39 girls. One Anstician arrangement in this case is
as follows: kalbl, aoag12, A5a7010, AgA17018, a3610b15, a,4b3b5, agblgblg,
a11bgb1a, a13b9bi7, a14012b16, a15b4b7, a16babin, aigbebiz. If m = 2 we have
the problem of 63 girls, of which Frost has given one solution; and so on.

Gill’s Method. Another method of attacking the problem has been
suggested to me by Mr T.H. Gill. Representing the girls by ai, as, as,
..., a3y, he (i) forms one triplet of the type @iy, 11a2m+1, from which,
by cyclical permutation of the suffixes 1,2, ..., 3m he obtains m triplets
which constitute an arrangement for one day, and (ii) forms 3 (m — 1)
other triplets such that the three differences of the suffixes are different,
from which, by cyclical permutations of the suffixes, the arrangements
for the remaining %(m — 1) other days can be obtained. Thus in the
case of 15 girls, the triplet ajaga;; gives, by cyclical permutations of
the suffixes, an arrangement for the first day and two triplets such as
a1a2a5, a1asag enable us to form 30 triplets from which an arrangement
for the other six days can be found. Here is a solution thus determined.

First Day: 1. 6.11; 2. 712 3.813; 4.9.14; 5.10.15.
Second Day: 1. 2.5, 3.4. 7 8 9.12 10.11.14; 13.15. 6.
Third Day: 2.3.6; 4.5 8 9.10.13; 11.12.15; 14. 1. 7.
Fourth Day: 5. 6. 9; 7. 811; 12.13. 1; 14.15. 3; 2. 4.10.
Fifth Day: 7.9.15  810.1; 3.511; 4. 6.12; 13.14. 2.

Sixth Day: 9.11. 2; 10.12. 3; 5. 7.13; 6. 8.14; 15. 1. 4.
Seventh Day: 11.13. 4; 12.14. 5; 15.2. 8 1.3.9; 6. 7.10.
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But, although this method gives triplets with which the problem can
be solved, the final arrangement is empirical.

A solution of the problem of 21 girls for 10 days can be got by the
same method: ajaga;; giving 7 triplets which constitute an arrangement
for one day; and ajaqag, ajazary, ajasary giving 63 triplets from which
an arrangement for the other nine days can be formed. Here is the
solution thus determined.

First Day: 1. 8.15; 2. 9.16; 3.10.17; 4.11.18; 5.12.19; 6.13.20; 7.14.21.
Second Day: 1. 2. 6; 4.5.9; 7.812 10.11.15; 13.14.18; 16.17.21; 19.20. 3.
Third Day:  7.10.16; 8.11.17; 12.15.21; 18.19. 2; 20. 1. 9; 3. 5.13; 4. 6.14.
Fourth Day: 13.16. 1; 14.17. 2; 18.21. 6; 3. 4. 8 5. 7.15; 9.11.19; 10.12.20.
Fifth Day: 4. 7.13; 5.814; 9.12.18; 15.16.20; 17.19. 6; 21. 2.10; 1. 3.11.
Sixth Day; 1. 4.10; 2. 5.11; 6. 9.15; 12.13.17; 14.16. 3; 18.20. 7; 19.21. 8.
Seventh Day: 2. 3. 7; 5. 6.10; 8. 9.13; 11.12.16; 14.15.19; 17.18. 1; 20.21. 4.
Eighth Day: 10.13.19; 11.14.20; 15.18. 3; 21. 1. 5; 2. 4.12; 6. 8.16; 7. 9.17.
Ninth Day:  16.19. 4; 17.20. 5; 21. 3. 9; 6. 7.11; 8.10.18; 12.14. 1; 13.15. 2.
Tenth Day:  19. 1. 7; 20. 2. 8 3. 6.12; 9.10.14; 11.13.21; 15.17. 4; 16.18. 5.

I should be interested if any of my readers could give me a similar
solution of the analogous arrangement of 33 girls for 16 days formed
from typical triplet suffixes like 1, 12, 23; 1, 2, 10; 1, 3, 16; 1, 4, 18; 1, 5,
11; 1, 6, 13; or from other sets of triplets formed in a similar way so that
(except in the first triplet) the differences of the suffixes are all different.

Walecki’s Theorem. Lastly, Walecki—quoted by Lucas—has
shown that, if a solution for the case of n girls walking out in triplets
for (n — 1) days is known, then a solution for 3n girls walking out for
5(3n — 1) days can be deduced.

For if an arrangement of the n girls, ay, aq, ..., a, for %(n —1) days
is known; and also one of the n girls, by, bs,...,b,; and also one of the
n girls ¢y, ¢, . . ., cp; then an arrangement of these 3n girls for %(n -1
days is known. A set of n triplets for another day will be given by
b kCmior Where m is put equal to 1,2,...,n successively. Here
k may have any of the n values, 0,1,2,...,(n — 1); but, wherever a
suffix is greater than n, it is to be divided by n and only the remainder
retained. Hence altogether we have an arrangement for n + %(n -1)
days, i.e. for %(Sn — 1) days.

The arrangement of 3 girls for one day is obvious. Hence, by
Walecki’s theorem, we can deduce at once an arrangement of 3™ girls
for (3™ — 1) days. And, generally, as I have given solutions of the
problem in the case of 3n girls when n =1, 3, 5, 7, 9, 13, 15, it follows
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that for the same values of n, we can solve the analogous arrangements
of 3™ x n girls.

To the original theorem J.J. Sylvester” added the corollary that the
school of 15 girls could walk out in triplets on 13 x 7 days until every
possible triplet had walked abreast once.

The generalized problem of finding the greatest number of ways in
which z girls walking in rows of a abreast can be arranged so that every
possible combination of b of them may walk abreast once and only once
has been solved for various cases. Suppose that this greatest number
of ways is y. It is obvious that, if all the = girls are to walk out each
day in rows of a abreast, then x must be an exact multiple of a and the
number of rows formed each day is x/a. If such an arrangement can be
made for z days, then we have a solution of the problem to arrange x
girls to walk out in rows of a abreast for z days so that they all go out
each day and so that every possible combination of b girls may walk
together once, and only once. In the corresponding generalization of
Kirkman’s problem no companionship of girls which has occurred once
may occur again, but it does not follow necessarily that every possible
companionship must occur once.

An example where the solution is obvious is if x = 2n, a = 2, b = 2,
in which case y = n(2n — 1), z = 2n — 1.

If we take the case x = 15, a = 3, b = 2, we find y = 35; and it
happens that these 35 rows can be divided into 7 sets, each of which
contains all the symbols; hence z = 7. More generally, if x = 5 x 3™,
a=3b=2 wefindy = 3(x—1)/z, 2z = (x —1). It will be
noticed that in the solutions of the original fifteen school-girls problem
and of Walecki’s extension of it given above every possible pair of girls
walk together once; hence we might infer that in these cases we could
determine z as well as y.

The results of the last paragraph were given by Kirkman' in 1850.
In the same memoir he also proved that, if p is a prime, and if x = p™,
a=p b=2theny=(p"-1)/(p-1);ifz =@ +p+1)p+1)
where p? + p + 1 has no divisor less than p+1, a = p + 1, b = 2, then
y=xz(x—1)/plp+1)ifz=p"+p+1,a=p+1,b=2, theny =uz;

Philosophical Magazine, July, 1850, series 3, vol. XXXVII, p. 52; a solution by
Sylvester is given in the Philosophical Magazine, May, 1861, series 4, vol. XXI,
p. 371.

T Cambridge and Dublin Mathematical Journal, 1850, vol. v, pp. 255-262.
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and Sylvester’s result that if x = 15, a = 3, b = 3, y = 455, z = 91.
Three years later Kirkman" solved the problem when z = 2", a = 4,
b = 3. Lastly, in 1893, Sylvester! published the solution when z = 9,
a = 3, b =3, in which case y = 84, z = 28; and stated that a similar
method was applicable when x = 3™, a = 3, b = 3: thus 9 girls can
be arranged to walk out 28 times (say 4 times a day for a week) so
that in any day the same pair never are together more than once and
so that at the end of the week each girl has been associated with every
possible pair of her schoolfellows.

In 1867 Mr S. Bills* showed that if x = 7, @ = 3, b = 2, then
y="7 ifxr=15a=3,b=2 theny =35 ifx =31,a=3,b=2,
then y = 155: and the method by which these results are proved will
give the value of y, if x = 2" — 1, a = 3, b = 2. Shortly afterwards
Mr W. Lea® showed that if # = 11, a = 5, b = 4, then y = 66; also that
if £ =16, a =4, b = 3, then y = 140; the latter result is a particular
case of Kirkman’s theorems. It will be noticed that these writers did
not confine their discussion to cases where x is an exact multiple of a.

PROBLEMS CONNECTED WITH A PACK OF CARDS. [ mentioned
in chapter I that an ordinary pack of playing cards could be used to il-
lustrate many tricks depending on simple properties of numbers. Most
of these involve the relative position of the cards. The principle of solu-
tion generally consists in re-arranging the pack in a particular manner
so as to bring the card into some definite position. Any such rear-
rangement is a species of shuffling.

I shall treat in succession of problems connected with shuffling a
pack, arrangements by rows and columns, the determination of a pair
out of %n(n + 1) pairs, Gergonne’s pile problem, and the game known
as the mouse trap.

SHUFFLING A PACK.  Any system of shuffling a pack of cards,
if carried out consistently, leads to an arrangement which can be cal-
culated; but tricks that depend on it generally require considerable

Ibid., 1853, vol. VIII, pp. 38-42.

Messenger of Mathematics, February, 1893, vol. XXiI, pp. 159-160.
Educational Times Reprints, London, 1867, vol. viIiI, pp. 32-33.

Ibid., 1868, vol. 1X, pp. 35-36; and 1874, vol. XXII, pp. 74-76; see also the volume
for 1869, vol. X1, p. 97.

wN A —= ¥
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technical skill.

Suppose for instance that a pack of n cards is shuffled, as is not
unusual, by placing the second card on the first, the third below these,
the fourth above them, and so on. The theory of this system of shuffling
is due to Monge". The following are some of the results and are not
difficult to prove directly.

If the pack contains 6p + 4 cards, the (2p + 2)th card will occupy
the same position in the shuffled pack. For instance, if a complete pack
of 52 cards is shuffied as described above, the 18th card will remain
the 18th card.

Again, if a pack of 10p+2 cards is shuffled in this way, the (2p+1)th
and the (6p x 2)th cards will interchange places. For instance, if an
écarté pack of 32 cards is shuffled as described above, the 7th and the
20th cards will change places.

More generally, one shuffle of a pack of 2p cards will move the card
which was in the zqth place to the x1th place, where z; = %(Qp—i-:co +1)
if xy is odd, and z; = %(2]9 — xo + 2) if zo is even, from which the
above results can be deduced. By repeated applications of the above
formulae we can show that the effect of m such shuffles is to move
the card which was initially in the zoth place to the z,,th place where
2y, = (Ap+1)(2m P £2m 2 £ ... £ 24 1) + 220+ 2™ + 1, the sign
+ representing an ambiguity of sign.

Again, in any pack of n cards after a certain number of shufflings,
not greater than n, the cards will return to their primitive order. This
will always be the case as soon as the original top card occupies that
position again. To determine the number of shuffles required for a pack
of 2p cards, it is sufficient to put x,, = z¢ and find the smallest value of
m which satisfies the resulting equation for all values of x( from 1 to 2p.
It follows that, if m is the least number which makes 4™ — 1 divisible
by 4p + 1, then m shuffles will be required if either 2™ + 1 or 2™ — 1 is
divisible by 4p + 1, otherwise 2m shuffles will be required. The number

*  Monge’s investigations are printed in the Mémoires de I’Académie des Sciences,

Paris, 1773, pp. 390-412. Among those who have studied the subject afresh I
may in particular mention V. Bouniakowski, Bulletin physico-mathématique de
St Pétersbourg, 1857, vol. Xv, pp. 202-205, summarised in the Nouvelles annales
de mathématiques, 1858, pp. 66—67; T. de St Laurent, Mémoires de I’Académie
de Gard, 1865; L. Tanner, Educational Times Reprints, 1880, vol. XXXIII, pp. 73—
75; and M.J. Bourget, Liouuville’s Journal, 1882, pp. 413-434. The solutions
given by Prof. Tanner are simple and concise.
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for a pack of 2p+1 cards is the same as that for a pack of 2p cards. With
an écarté pack of 32 cards, six shuffles are sufficient; with a pack of 2"
cards, n + 1 shuffles are sufficient; with a full pack of 52 cards, twelve
shuffles are sufficient; with a pack of 13 cards ten shuffles are sufficient;
while with a pack of 50 cards fifty shuffles are required; and so on.

Mr W.H.H. Hudson™ has also shown that, whatever is the law of
shuffling, yet if it is repeated again and again on a pack of n cards, the
cards will ultimately fall into their initial positions after a number of
shufflings not greater than the greatest possible L.C.M. of all numbers
whose sum is n.

For suppose that any particular position is occupied after the 1st,
2nd, ..., pth shuffles by the cards A;, A,, ..., A, respectively, and that
initially the position is occupied by the card Ay. Suppose further that
after the pth shuffle Ay returns to its initial position, therefore A, = A,
Then at the second shuffling As succeeds A; by the same law by which
Aq succeeded Ag at the first; hence it follows that previous to the second
shuffling A, must have been in the place occupied by A; previous to
the first. Thus the cards which after the successive shuffles take the
place initially occupied by A; are Ay, As,..., Ay, Ay; that is, after the
pth shuffle A; has returned to the place initially occupied by it: and
so for all the other cards Ay, Az, ..., Ay_;.

Hence the cards Ay, As, ..., A, form a cycle of p cards, one or other
of which is always in one or other of p positions in the pack, and which
go through all their changes in p shufflings. Let the number n of the
pack be divided into p,q,r,... such cycles, whose sum is n; then the
L.C.M. of p,q,r, ... is the utmost number of shufflings necessary before
all the cards will be brought back to their original places.

In the case of a pack of 52 cards, the greatest L.C.M. of numbers
whose sum is 52 will be found by trial to be 180180.

ARRANGEMENTS BY ROws AND COLUMNS. A not uncommon
trick, which rests on a species of shuffling, depends on the obvious fact
that if n? cards are arranged in the form of a square of n rows, each
containing n cards, then any card will be defined if the row and the
column in which it lies are mentioned.

This information is generally elicited by first asking in which row
the selected card lies, and noting the extreme left-hand card of that

*  Fducational Times Reprints, London, 1865, vol. 11, p. 105.
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row. The cards in each column are then taken up, face upwards, one
at a time beginning with the lowest card of each column and taking
the columns in their order from right to left—each card taken up being
placed on the top of those previously taken up. The cards are then
dealt out again in rows, from left to right, beginning with the top left-
hand corner, and a question is put as to which row contains the card.
The selected card will be that card in the row mentioned which is in
the same vertical column as the card which was originally noted.

The above is the form in which the trick is usually presented, but
it is greatly improved by allowing the pack to be cut as often as is liked
before the cards are re-dealt, and then giving one cut at the end so as
to make the top card in the pack one of those originally in the top row.

The explanation is obvious. For, if 16 cards are taken, the first

1 2 3 4 1 5 9 13

) 6 7 8 2 6 10 14

9 10 11 12 3 7 11 15

13 14 15 16 4 8 12 16
Figure i. Figure ii.

and second arrangements may be represented by figures i and ii. For
example, if we are told that in figure i the card is in the third row,
it must be either 9, 10, 11, or 12: hence, if we know in which row of
figure ii it lies, it is determined. If we allow the pack to be cut between
the deals, we must secure somehow that the top card is either 1, 2, 3,
or 4, since that will leave the cards in each row of figure ii unaltered
though the positions of the rows will be changed.
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DETERMINATION OF A SELECTED PAIR OF CARDS OUT OF
In(n+1) GIVEN PAIRS".  Another common trick is to throw twenty
cards on to a table in ten couples, and ask someone to select one couple.
The cards are then taken up, and dealt out in a certain manner into
four rows each containing five cards. If the rows which contain the
given cards are indicated, the cards selected are known at once.

This depends on the fact that the number of homogeneous products
of two dimensions which can be formed out of four things is 10. Hence
the homogeneous products of two dimensions formed out of four things
can be used to define ten things.

Suppose that ten pairs of cards are placed on a table and someone
selects one couple. Take up the cards in their couples. Then the first

two cards form the first couple, the next two the second couple, and
so on. Deal them out in four rows each containing five cards according
to the scheme shown in the diagram.

The first couple (1 and 2) are in the first row. Of the next couple
(3 and 4), put one in the first row and one in the second. Of the next
couple (5 and 6), put one in the first row and one in the third, and so
on, as indicated in the diagram. After filling up the first row proceed
similarly with the second row, and so on.

Enquire in which rows the two selected cards appear. If only one
line, the mth, is mentioned as containing the cards then the required
pair of cards are the mth and (m + 1)th cards in that line. These

*  Bachet, problem XVII, avertissement, p. 146 et seq.
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occupy the clue squares of that line. Next, if two lines are mentioned,
then proceed as follows. Let the two lines be the pth and the ¢th and
suppose ¢ > p. Then that one of the required cards which is in the gth
line will be the (¢—p)th card which is below the first of the clue squares
in the pth line. The other of the required cards is in the pth line and
is the (¢ — p)th card to the right of the second of the clue squares.

Bachet’s rule, in the form in which I have given it, is applicable to
a pack of n(n + 1) cards divided into couples, and dealt in n rows each
containing n + 1 cards; for there are %n(n + 1) such couples, also there
are :n(n + 1) homogeneous products of two dimensions which can be
formed out of n things. Bachet gave the diagrams for the cases of 20,
30, and 42 cards: these the reader will have no difficulty in constructing
for himself, and I have enunciated the rule for 20 cards in a form which
covers all the cases.

I have seen the same trick performed by means of a sentence and
not by numbers. If we take the case of ten couples, then after collecting
the pairs the cards must be dealt in four rows each containing five cards,
in the order indicated by the sentence Matas dedit nomen Cocis. This
sentence must be imagined as written on the table, each word forming
one line, The first card is dealt on the M. The next card (which is
the pair of the first) is placed on the second m in the sentence, that is,
third in the third row. The third card is placed on the a. The fourth
card (which is the pair of the third) is placed on the second a, that is,
fourth in the first row. Each of the next two cards is placed on a t,
and so on. Enquire in which rows the two selected cards appear. If two
rows are mentioned, the two cards are on the letters common to the
words that make these rows. If only one row is mentioned, the cards
are on the two letters common to that row.

The reason is obvious: let us denote each of the first pair by an a,
and similarly each of any of the other pairs by an e, 7, o, ¢, d, m, n, s,
or t respectively. Now the sentence Matas dedit nomen Cocis contains
four words each of five letters; ten letters are used, and each letter is
repeated only twice. Hence, if two of the words are mentioned, they
will have one letter in common, or, if one word is mentioned, it will
have two like letters.

To perform the same trick with any other number of cards we
should require a different sentence.

The number of homogeneous products of three dimensions which
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can be formed out of four things is 20, and of these the number consist-
ing of products in which three things are alike and those in which three
things are different is 8. This leads to a trick with 8 trios of things,
which is similar to that last given—the cards being arranged in the order
indicated by the sentence Lanata levete livini novoto.

I believe that these arrangements by sentences are known, but I
am not aware who invented them.

GERGONNE’S PILE PROBLEM. Before discussing Gergonne’s
theorem I will describe the familiar three pile problem, the theory of
which is included in his results.

The Three Pile Problem™. This trick is usually performed as fol-
lows. Take 27 cards and deal them into three piles, face upwards. By
“dealing” is to be understood that the top card is placed as the bottom
card of the first pile, the second card in the pack as the bottom card
of the second pile, the third card as the bottom card of the third pile,
the fourth card on the top of the first one, and so on: moreover I as-
sume that throughout the problem the cards are held in the hand face
upwards. The result can be modified to cover any other way of dealing.

Request a spectator to note a card, and remember in which pile
it is. After finishing the deal, ask in which pile the card is. Take up
the three piles, placing that pile between the other two. Deal again as
before, and repeat the question as to which pile contains the given card.
Take up the three packs again, placing the pile which now contains the
selected card between the other two. Deal again as before, but in
dealing note the middle card of each pile. Ask again for the third time
in which pile the card lies, and you will know that the card was the one
which you noted as being the middle card of that pile. The trick can
be finished then in any way that you like. The usual method—but a
very clumsy one—is to take up the three piles once more, placing the
named pile between the other two as before, when the selected card
will be the middle one in the pack, that is, if 27 cards are used it will
be the fourteenth.

The trick is often performed with 15 cards or with 21 cards, in
either of which cases the same rule holds.

*  The trick is mentioned by Bachet, problem Xvii1, p. 143, but his analysis of it

is insufficient.
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Gergonne’s Generalization. The general theory for a pack of m™
cards was given by M. Gergonne”. Suppose the pack is arranged in m
piles, each containing m™~! cards, and that, after the first deal, the
pile indicated as containing the selected card is taken up ath; after
the second deal, is taken up bth; and so on, and finally after the mth
deal, the pile containing the card is taken up kth. Then when the
cards are collected after the mth deal the selected card will be nth
from the top where

if miseven, n=km™ ! —imm 2+ +bm—a+1,
if misodd, n=km™!—jimm24+..-.—~bm+a.

For example, if a pack of 256 cards (i.e. m = 4) was given, and
anyone selected a card out of it, the card could be determined by making
four successive deals into four piles of 64 cards each, and after each
deal asking in which pile the selected card lay. The reason is that after
the first deal you know it is one of sixty-four cards. In the next deal
these sixty-four cards are distributed equally over the four piles, and
therefore, if you know in which pile it is, you will know that it is one
of sixteen cards. After the third deal you know it is one of four cards.
After the fourth deal you know which card it is.

Moreover, if the pack of 256 cards is used, it is immaterial in
what order the pile containing the selected card is taken up after a
deal. For, if after the first deal it is taken up ath, after the second
bth, after the third cth, and after the fourth dth, the card will be the
(64d — 16¢ 4+ 4b — a + 1)th from the top of the pack, and thus will be
known. We need not take up the cards after the fourth deal, for the
same argument will show that it is the (64 — 16¢ + 4b — a + 1)th in the
pile then indicated as containing it. Thusifa=3,b=4,c=1,d =2,
it will be the 62nd card in the pile indicated after the fourth deal as
containing it and will be the 126th card in the pack as then collected.

In exactly the same way a pack of twenty-seven cards may be used,
and three successive deals, each into three piles of nine cards, will suffice
to determine the card. If after the deals the pile indicated as containing
the given card is taken up ath, bth, and cth respectively, then the card
will be the (9¢ — 3b+ a)th in the pack or will be the (9 —3b+ a)th card
in the pile indicated after the third deal as containing it.

*  Gergonne’s Annales de Mathématiques, Nismes, 1813-4, vol. 1v, pp. 276-283.
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The method of proof will be illustrated sufficiently by considering
the usual case of a pack of twenty-seven cards, for which m = 3, which
are dealt into three piles each of nine cards.

Suppose that, after the first deal, the pile containing the selected
card is taken up ath: then (i) at the top of the pack there are a — 1
piles each containing nine cards; (ii) next there are 9 cards, of which
one is the selected card; and (iii) lastly there are the remaining cards
of the pack. The cards are dealt out now for the second time: in each
pile the bottom 3(a — 1) cards will be taken from (i), the next 3 cards
from (ii), and the remaining 9 — 3a cards from (iii).

Suppose that the pile now indicated as containing the selected card
is taken up bth: then (i) at the top of the pack are 9(b — 1) cards;
(i) next are 9 — 3a cards; (iii) next are 3 cards, of which one is the
selected card; and (iv) lastly are the remaining cards of the pack. The
cards are dealt out now for the third time: in each pile the bottom
3(b—1) cards will be taken from (i), the next 3 — a cards will be taken
from (ii), the next card will be one of the three cards in (iii), and the
remaining 8 — 3b + a cards are from (iv).

Hence, after this deal, as soon as the pile is indicated, it is known
that the card is the (9 — 3b + a)th from the top of that pile. If the
process is continued by taking up this pile as cth, then the selected
card will come out in the place 9(¢c — 1) + (8 —3b+a) + 1 from the top,
that is, will come out as the (9¢ — 3b + a)th card.

Since, after the third deal, the position of the card in the pile then
indicated is known, it is easy to notice the card, in which case the trick
can be finished in some way more effective than dealing again.

If we put the pile indicated always in the middle of the pack we
have a = 2, b = 2, ¢ = 2, hence n = 9¢ — 3b + a = 14, which is the
form in which the trick is usually presented, as was explained above
on page 115.

I have shown that if a, b, ¢ are known, then n is determined. We
may modify the rule so as to make the selected card come out in any
assigned position, say the nth. In this case we have to find values of
a, b, ¢ which will satisfy the equation n = 9¢ — 3b + a, where a, b, ¢
can have only the values 1, 2, or 3.

Hence, if we divide n by 3 and the remainder is 1 or 2, this remain-
der will be a; but, if the remainder is 0, we must decrease the quotient
by unity so that the remainder is 3, and this remainder will be a. In
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other words a is the smallest positive number (exclusive of zero) which
must be subtracted from n to make the difference a multiple of 3.

Next let p be this multiple, i.e. p is the next lowest integer to n/3:
then 3p = 9¢ — 3b, therefore p = 3¢ —b. Hence b is the smallest positive
number (exclusive of zero) which must be added to p to make the sum
a multiple of 3, and ¢ is that multiple.

A couple of illustrations will make this clear. Suppose we wish the
card to come out 22nd from the top, therefore 22 = 9¢ — 3b + a. The
smallest number which must be subtracted from 22 to leave a multiple
of 3 is 1, therefore a = 1. Hence 22 = 9¢ — 3b+ 1, therefore 7 = 3¢ — b.
The smallest number which must be added to 7 to make a multiple
of 3 is 2, therefore b = 2. Hence 7 = 3¢ — 2, therefore ¢ = 3. Thus
a=15b6=2 ¢c = 3.

Again, suppose the card is to come out 21st. Hence 21 = 9¢—3b+a.
Therefore a is the smallest number which subtracted from 21 makes a
multiple of 3, therefore a = 3. Hence 6 = 3¢ — b. Therefore b is the
smallest number which added to 6 makes a multiple of 3, therefore
b = 3. Hence 9 = 3¢, therefore c = 3. Thusa=3,b=3, c = 3.

If any difficulty is experienced in this work, we can proceed thus.
Let a =241, b=3—vy, c = z+ 1; then z, y, z may have only
the values 0, 1, or 2. In this case Gergonne’s equation takes the form
9243y +x =n—1. Hence, if n — 1 is expressed in the ternary scale of
notation, xz, y, z will be determined, and therefore a, b, ¢ will be known.

The rule in the case of a pack of m'™ cards is exactly similar. We
want to make the card come out in a given place. Hence, in Gergonne’s
formula, we are given n and we have to find a,b,..., k. We can ef-
fect this by dividing n continually by m, with the convention that the
remainder are to be alternately positive and negative and that their
numerical values are to be not greater than m or less than unity.

An analogous theorem with a pack of Im cards can be constructed.
C.T. Hudson and L.E. Dickson” have discussed the general case where
such a pack is dealt n times, each time into [ piles of m cards; and they
have shown how the piles must be taken up in order that after the nth
deal the selected card may be rth from the top.

The principle will be sufficiently illustrated by one example treated
in a manner analogous to the cases already discussed. For instance,

*  Educational Times Reprints, 1868, vol. 1X, pp. 89-91; and Bulletin of the Amer-
ican Mathematical Society, New York, April, 1895, vol. 1, pp. 184-186.
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suppose that an écarté pack of 32 cards is dealt into 4 piles each of 8
cards, and that the pile which contains some selected card is picked up
ath. Suppose that on dealing again into four piles, one pile is indicated
as containing the selected card, the selected card cannot be one of the
bottom 2(a — 1) cards, or of the top 8 — 2a cards, but must be one
of the intermediate 2 cards, and the trick can be finished in any way,
as for instance by the common conjuring ambiguity of asking someone
to choose one of them, leaving it doubtful whether the one he takes is
to be rejected or retained.

THE MoUSE TrAP. I will conclude this chapter with the bare
mention of another game of cards, known as the mouse trap, the dis-
cussion of which involves some rather difficult algebraic analysis.

It is played as follows. A set of cards, marked with the numbers
1,2,3,...,n, is dealt in any order, face upwards, in the form of a circle.
The player begins at any card and counts round the circle always in
the same direction. If the kth card has the number k£ on it—which
event is called a hit—the player takes up the card and begins counting
afresh. According to Cayley, the player wins if he thus takes up all
the cards, and the cards win if at any time the player counts up to n
without being able to take up a card.

For example, if a pack of only four cards is used and these cards
come in the order, 3214, then the player would obtain the second card
2 as a hit, next he would obtain 1 as a hit, but if he went on for
ever he would not obtain another hit. On the other hand, if the cards
in the pack were initially in the order 1423, the player would obtain
successively all four cards in the order 1, 2, 3, 4.

The problem may be stated as the determination of what hits and
how many hits can be made with a given number of cards; and what
permutations will give a certain number of hits in a certain order.

Cayley” showed that there are 9 arrangements of a pack of four
cards in which no hit will be made, 7 arrangements in which only one
hit will be made, 3 arrangements in which only two hits will be made,
and 5 arrangements in which four hits will be made.

Prof. Steen' has investigated the general theory for a pack of n
cards. He has shown how to determine the number of arrangements in

* Quarterly Journal of Mathematics, 1878, vol. Xv, pp. 8-10.
1 Ibid., vol. Xv, pp. 230-241.
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which x is the first hit [Arts. 3-5]; the number of arrangements in which
1 is the first hit and x is the second hit [Art. 6]; and the number of
arrangements in which 2 is the first hit and « the second hit [Arts. 7-8];
but beyond this point the theory has not been carried. It is obvious
that, if there are n — 1 hits, the nth hit will necessarily follow.

TREIZE. The French game of treize is very similar. It is played
with a full pack of fifty-two cards (knave, queen, and king counting as
11, 12, and 13 respectively). The dealer calls out 1,2,3,...,13, as he
deals the 1st, 2nd, 3rd, ..., 13th cards respectively. At the beginning
of a deal the dealer offers to lay or take certain odds that he will make
a hit in the thirteen cards next dealt.

One of the innumerable forms of patience is played in a similar way.
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CHAPTER V.

MAGIC SQUARES.

A magic square consists of a number of integers arranged in the
form of a square, so that the sum of the numbers in every row, in
every column, and in each diagonal is the same. If the integers are the
consecutive numbers from 1 to n? the square is said to be of the nth
order, and it is easily seen that in this case the sum of the numbers in
any row, column, or diagonal is equal to %n(nQ + 1): this number may
be denoted by N. I confine my account to such magic squares, that is,
to squares formed with consecutive integers, from 1 upwards.

Thus the first 16 integers, arranged in either of the forms given in
figures i and ii below, form a magic square of the fourth order, the sum

11]15(14| 4 151101 3
1216|719 415116
8110|115 14(11] 2
1313 1]2(16 118 (13[12
Figure 1. Figure ii.

of the numbers in any row, column, or diagonal being 34. Similarly
figures iii and v on page 124, figure viii on page 126, and figures xii and
xiii on page 136, show magic squares of the fifth order; and figure xi on
page 133 shows a magic square of the sixth order; and figures xiv and
xv on pages 137, 138, show magic squares of the eighth order.

121
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The formation of these squares is an old amusement, and in times
when mystical philosophical ideas were associated with particular num-
bers it was natural that such arrangements should be deemed to possess
magical properties. Magic squares of an odd order were constructed in
India before the Christian era according to a law of formation which
is explained hereafter. Their introduction into Europe appears to have
been due to Moschopulus, who lived at Constantinople in the early
part of the fifteenth century, and enunciated two methods for making
such squares. The majority of the medieval astrologers and physicians
were much impressed by such arrangements. In particular the famous
Cornelius Agrippa (1486-1535) constructed magic squares of the orders
3,4, 5,6, 7, 8,9, which were associated respectively with the seven
astrological “planets”: namely, Saturn, Jupiter, Mars, the Sun, Venus,
Mercury, and the Moon. He taught that a square of one cell, in which
unity was inserted, represented the unity and eternity of God; while
the fact that a square of the second order could not be constructed
illustrated the imperfection of the four elements, air, earth, fire, and
water; and later writers added that it was symbolic of original sin. A
magic square engraved on a silver plate was sometimes prescribed as a
charm against the plague, and one, namely, that represented in figure i
on page 121, is drawn in the picture of Melancholy, painted about the
year 1500 by Albert Diirer. Such charms are still worn in the East.

The development of the theory has been due mainly to French
mathematicians. Bachet gave a rule for the construction of any square
of an odd order in a form substantially equivalent to one of the rules
given by Moschopulus. The formation of magic squares, especially
of even squares, was considered by Frénicle and Fermat. The theory
was continued by Poignard, De la Hire, Sauveur, D’Ons-en-bray, and
Des Ourmes. Ozanam included in his work an essay on magic squares
which was amplified by Montucla. From this and from De la Hire’s
memoirs the larger part of the materials for this chapter are derived.
Like most algebraical problems, the construction of magic squares at-
tracted the attention of Euler, but he did not advance the general
theory. In 1837 an elaborate work on the subject was compiled by
B. Violle, which is useful as containing numerous illustrations. I give
the references in a footnote”.

*  Bachet, Problémes plaisans, Lyons, 1624, problem xXI, p. 161; Frénicle, Divers

Ouvrages de Mathématique par Messieurs de I’Académie des Sciences, Paris,
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I shall confine myself to establishing rules for the construction of
squares subject to no conditions beyond those given in the definition.
Rules sufficient for this purpose are contained in the works to which
I have just referred and on which I have based this sketch; some ex-
tensions and developments will be found in the memoirs mentioned
below”. I shall commence by giving rules for the construction of a
square of an odd order, and then shall proceed to similar rules for one
of an even order.

It will be convenient to use the following terms. The spaces or
small squares occupied by the numbers are called cells. The diagonal
from the top left-hand cell to the bottom right-hand cell is called the
leading diagonal or left diagonal. The diagonal from the top right-hand
cell to the bottom left-hand cell is called the right diagonal.

MAGIC SQUARES OF AN ODD ORDER. [ proceed to give methods
for constructing odd magic squares, but for simplicity I shall apply them
to the formation of squares of the fifth order, though exactly similar

1693, pp. 423-483; with an appendix (pp. 484-507), containing diagrams of
all the possible magic squares of the fourth order, 880 in number: Fermat,
Opera Mathematica, Toulouse, 1679, pp. 173-178; or Brassinne’s Précis, Paris,
1853, pp. 146-149: Poignard, Traité des Quarrés Sublimes, Brussels, 1704: De
la Hire, Mémoires de I’Académie des Sciences for 1705, Paris, 1706, part I,
pp. 127-171; part 11, pp. 364-382: Sauveur, Construction des Quarrés Mag-
iques, Paris, 1710: D’Ons-en-bray, Mémoires de I’Académie des Sciences for
1750, Paris, 1754, pp. 241-271: Des Ourmes, Mémoires de Mathématique et de
Physique (French Academy), Paris, 1763, vol. 1v, pp. 196-241: Ozanam and
Montucla, Récréations, part 1, chapter x11: Euler, Commentationes Arithmeti-
cae Collectae, St Petersburg, 1849, vol. 11, pp. 593—-602: Violle, Traité Complet
des Carrés Magiques, 3 vols, Paris, 1837-8. A sketch of the history of the
subject is given in chap. iv of S. Giinther’s Geschichte der mathematischen Wis-
senschaften, Leipzig, 1876. See also W. Ahrens, Mathematische Unterhaltungen
und Spiele, Leipzig, 1901, chapter xii.

* In England the subject has been studied by R. Moon, Cambridge Mathematical
Journal, 1845, vol. 1v, pp. 209-214; H. Holditch, Quarterly Journal of Math-
ematics, London, 1864, vol. vi, pp. 181-189; W.H. Thompson, Ibid., 1870,
vol. X, pp. 186-202; J. Horner, Ibid., 1871, vol. X1, pp. 57-65, 123-132, 213—
224; S.M. Drach, Messenger of Mathematics, Cambridge, 1873, vol. 11, pp. 169—
174, 187; A.H. Frost, Quarterly Journal of Mathematics, London, 1878, vol. XV,
pp. 34-49, 93-123, 366-368, in which the results of previous memoirs are in-
cluded: there are also some pamphlets and articles on it of a more popular
character. Of recent Continental works on the subject I have no complete bib-
liography, and probably it is better to omit all rather than give an imperfect
list.
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proofs will apply equally to any odd square.

De la Loubére’s Method . If the reader will look at figure iii he
will see one way in which such a square containing 25 cells can be
constructed. The middle cell in the top row is occupied by 1. The
successive numbers are placed in their natural order in a diagonal line

17124 1| 8 |15 154+2(20+4] 0+1| 54+3|10+5 2316 (19| 2 (15

23|15 |7 (14|16 20+3| 045 5+2]|10+4|15+1 10118 1 |114|22

416 (1312022 0+4] 5+1|10+3|15+5]20+2 1715 113121( 9

10112119|21| 3 5+5|10+2|15+4120+1] 0+3 4 112(25] 8 |16

11118251219 104+1(15+3]20+5| 0+2| 5+4 11124 7 120( 3

De la Loubére’s Method. De la Loubére’s Method. Bachet’s Method.
Figure iii. Figure iv. Figure v.

which slopes upwards to the right, except that (i) when the top row
is reached the next number is written in the bottom row as if it came
immediately above the top row; (ii) when the right-hand column is
reached, the next number is written in the left-hand column, as if it
immediately succeeded the right-hand column; and (iii) when a cell
which has been filled up already, or when the top right-hand square is
reached, the path of the series drops to the row vertically below it and
then continues to mount again. Probably a glance at the diagram in
figure iii will make this clear.

The reason why such a square is magic can be explained best by
expressing the numbers in the scale of notation whose radix is 5 (or n,
if the magic square is of the order n), except that 5 is allowed to appear
as a unit-digit and 0 is not allowed to appear as a unit-digit. The result
is shown in figure iv. From that figure it will be seen that the method
of construction ensures that every row and every column shall contain
one and only one of each of the unit-digits 1, 2, 3, 4, 5, the sum of
which is 15; and also one and only one of each of the radix-digits 0, 5,
10, 15, 20, the sum of which is 50. Hence, as far as rows and columns
are concerned, the square is magic. Moreover if the square is odd, each
of the diagonals will contain one and only one of each of the unit-digits

*  De la Loubere, Du Royaume de Siam (Eng. Trans.), London, 1693, vol. 1I,

pp- 227-247. De la Loubere was the envoy of Louis XIV to Siam in 1687-8, and
there learnt this method.
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1, 2, 3, 4, 5. Also the leading diagonal will contain one and only one
of the radix-digits 0, 5, 10, 15, 20, the sum of which is 50; and if, as is
the case in the square drawn above, the number 10 is the radix-digit
to be added to the unit-digits in the right diagonal, then the sum of
the radix-digits in that diagonal is also 50. Hence the two diagonals
also possess the magical property.

And generally if a magic square of an odd order n is constructed by
De la Loubere’s method, every row and every column must contain one
and only one of each of the unit-digits 1,2,3...,n; and also one and
only one of each of the radix-digits 0,n,2n,...,n(n—1). Hence, as far
as rows and columns are concerned, the square is magic. Moreover each
diagonal will either contain one and only one of the unit-digits or will
contain n unit-digits each equal to %(n + 1). It will also either contain
one and only one of the radix-digits or will contain n radix-digits each
equal to %n(n—l). Hence the two diagonals will also possess the magical
property. Thus the square will be magic.

[ may notice here that, if we place 1 in any cell and fill up the square
by De la Loubere’s rule, we shall obtain a square that is magic in rows
and in columns, but it will not in general be magic in its diagonals.

It is evident that other squares can be derived from De la Loubere’s
square by permuting the symbols properly. For instance, in figure iv,
we may permute the symbols 1, 2, 3, 4, 5 in 5! ways, and we may
permute the symbols 0, 5, 15, 20 in 4! ways. Any one of these 5!
arrangements combined with any one of these 4! arrangements will give
a magic square. Hence we can obtain 2880 magic squares of the fifth
order of this kind, though only 720 of them are really distinct. Other
squares can however be deduced, for it may be noted that from any
magic square, whether even or odd, other magic squares of the same
order can be formed by the mere interchange of the row and the column
which intersect in a cell on a diagonal with the row and the column
which intersect in the complementary cell of the same diagonal.

Bachet’s Method . Another method, very similar to that of De
la Loubere, for constructing an odd magic square is as follows. We
begin by placing 1 in the cell above the middle one (that is, in a square
of the fifth order in the cell occupied by the number 7 in figure iii),
and then we write the successive numbers in a diagonal line sloping
upwards to the right, subject to the condition that when the cases (i)

*  Bachet, Problem xx1, p. 161.
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and (i) mentioned under De la Loubere’s method occur the rules there
given are followed, but when the case (iii) occurs the path of the series
rises two rows, i.e. it is continued from one cell to the cell next but one
vertically above it, if this cell is above the top row the path continues
from the corresponding cell in one of the bottom two rows following
the analogy of rule (i) in De la Loubeére’s method. Such a square is
delineated in figure v on page 124. Bachet’s method leads ultimately
to this arrangement; except that the rules are altered so as to make
the line slope downwards. This method also gives 720 magic squares
of the fifth order.

De la Hire’s Method . 1 shall now give another rule for the forma-
tion of odd magic squares. To form an odd magic square of the order
n by this method, we begin by constructing two subsidiary squares,
one of the unit-digits, 1,2,...,n, and the other of multiples of the
radix, namely, 0,n,2n,...,(n — 1)n. We then form the magic square
by adding together the numbers in the corresponding cells in the two
subsidiary squares.

De la Hire gave several ways of constructing such subsidiary
squares. I select the following method (props. x and xiv of his memoir)
as being the simplest, but I shall apply it to form a square of only
the fifth order. It leads to the same results as the second of the two
rules given by Moschopulus.

The first of the subsidiary squares (figure vi, below), is constructed
thus. First, 3 is put in the top left-hand corner, and then the numbers
1, 2, 4, 5 are written in the other cells of the top line (in any order).
Next, the number in each cell of the top line is repeated in all the cells

3141152 1510 120( 5 |10 18] 4 |21(10(12
21314115 0120] 51015 2 (2319|1120
512131411 2001 5 110]15] 0 251 7113|191
11512]3(4 5110115) 0 |20 6 15|17 3 |24
411(5([2](3 10{15] 0 [20( 5 14116| 5 |22 8
First Subsidiary Square Second Subsidiary Square Resulting Magic Square
Figure vi. Figure vii. Figure viii.

which lie in a diagonal line sloping downwards to the right (see figure vi)

*  Mémoires de I’Académie des Sciences for 1705, part 1, pp. 127-171.
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according to the rule (ii) in De la Loubere’s method. The cells filled by
the same number form a broken diagonal. It follows that every row and
every column contains one and only one 1, one and only one 2, and so
on. Hence the sum of the numbers in every row and in every column
is equal to 15; also, since we placed 3, which is the average of these
numbers, in the top left-hand corner, the sum of the numbers in the
left diagonal is 15; and, since the right diagonal contains one and only
one of each of the numbers 1, 2, 3, 4, and 5, the sum of the numbers
in that diagonal also is 15.

The second of the subsidiary squares (figure vii) is constructed in
a similar way with the numbers 0, 5, 10, 15, and 20, except that the
mean number 10 is placed in the top right-hand corner; and the broken
diagonals formed of the same numbers all slope downwards to the left.
It follows that every row and every column in figure vii contains one
and only one 0, one and only one 5, and so on; hence the sum of the
numbers in every row and every column is equal to 50. Also the sum
of the numbers in each diagonal is equal to 50.

If now we add together the numbers in the corresponding cells of
these two squares, we shall obtain 25 numbers such that the sum of
the numbers in every row, every column, and each diagonal is equal
to 15 + 50, that is, to 65. This is represented in figure viii. Moreover,
no two cells in that figure contain the same number. For instance, the
numbers 21 to 25 can occur only in those five cells which in figure vii
are occupied by the number 20, but the corresponding cells in figure vi
contain respectively the numbers 1, 2, 3, 4, and 5; and thus in figure viii
each of the numbers from 21 to 25 occurs once and only once. De la Hire
preferred to have the cells in the subsidiary squares which are filled by
the same number connected by a knight’s move and not by a bishop’s
move; and usually his rule is enunciated in that form.

By permuting the numbers 1, 2, 4, 5 in figure vi we get 4! other ar-
rangements, each of which combined with that in figure vii would give
a magic square. Similarly by permuting the numbers 0, 5, 15, 20 in
figure vii we obtain 4! other squares, each of which might be combined
with any of the 4! arrangements deduced from figure vi. Hence alto-
gether we can obtain in this way 576 magic squares of the fifth order.

There is yet another method of constructing odd squares which is
due to Poignard, and was improved by De la Hire in the memoir already
cited. I shall not discuss it, because, though for certain assigned values
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of n it is simpler than the methods which I have given, it depends on
the form of n, and particularly on the number of prime factors of n. In
the case of a square of the fifth order, this gives an even larger number
of magic squares than the methods of De la Loubere, Bachet, and De
la Hire. I may also add that it has been shown that magic squares
whose order is a prime number can be constructed by a rule similar
to De la Loubere’s, except that we begin by placing 1 in the bottom
left-hand cell, and the subsequent consecutive numbers fill cells forming
a knight’s path on the square and not a bishop’s path. A square of the
fifth order of this kind is given in figure xiii on page 136. There are
2880 magic squares of the fifth order of this kind.

De la Hire showed that, apart from mere inversions, there were
57600 magic squares of the fifth order which could be formed by the
methods he enumerated. Taking account of other methods, it would
seem that the total number of magic squares of the fifth order is very
large, perhaps exceeding 500000.

MAGIC SQUARES OF AN EVEN ORDER. The above methods are
inapplicable to squares of an even order. I proceed to give two methods
for constructing any even magic square of an order higher than two.

It will be convenient to use the following terms. Two rows which
are equidistant, the one from the top, the other from the bottom, are
said to be complementary. Two columns which are equidistant, the one
from the left-hand side, the other from the right-hand side, are said to
be complementary. Two cells in the same row, but in complementary
columns, are said to be horizontally related. Two cells in the same
column, but in complementary rows, are said to be wvertically related.
Two cells in complementary rows and columns are said to be skewly
related; thus, if the cell b is horizontally related to the cell a, and the
cell d is vertically related to the cell a, then the cells b and d are skewly
related; in such a case if the cell ¢ is vertically related to the cell b,
it will be horizontally related to the cell d, and the cells a and ¢ are
skewly related: the cells a, b, ¢, d constitute an associated group, and if
the square is divided into four equal quarters, one cell of an associated
group is in each quarter.

A horizontal interchange consists in the interchange of the numbers
in two horizontally related cells. A wvertical interchange consists in
the interchange of the numbers in two vertically related cells. A skew
interchange consists in the interchange of the numbers in two skewly
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related cells. A cross interchange consists in the change of the numbers
in any cell and in its horizontally related cell with the numbers in the
cells skewly related to them; hence, it is equivalent to two vertical
interchanges and two horizontal interchanges.

First Method . This method is the simplest with which I am ac-
quainted, and I believe, at any rate as far as concerns singly-even
squares, was published for the first time in 1893.

Begin by filling the cells of the square with the numbers 1,2,...,n
in their natural order commencing (say) with the top left-hand corner,
writing the numbers in each row from left to right, and taking the
rows in succession from the top. I will commence by proving that a
certain number of horizontal and vertical interchanges in such a square
must make it magic, and will then give a rule by which the cells whose
numbers are to be interchanged can be at once picked out.

First, we may notice that the sum of the numbers in each diagonal
is equal to N, where N = %n(n2 + 1); hence the diagonals are already
magic, and will remain so if the numbers therein are not altered.

Next, consider the rows. The sum of the numbers in the xth
row from the top is N — in*(n — 2z + 1). The sum of the numbers
in the complementary row, that is, the xth row from the bottom, is
N+ in?(n— 2z +1). Also the number in any cell in the zth row is less
than the number in the cell vertically related to it by n(n — 2z + 1).
Hence, if in these two rows we make %n interchanges of the numbers
which are situated in vertically related cells, then we increase the sum
of the numbers in the zth row by %n x n(n — 2x + 1), and therefore
make that row magic; while we decrease the sum of the numbers in
the complementary row by the same number, and therefore make that
row magic. Hence, if in every pair of complementary rows we make
%n interchanges of the numbers situated in vertically related cells, the
square will be made magic in rows. But, in order that the diagonals
may remain magic, either we must leave both the diagonal numbers in
any row unaltered, or we must change both of them with those in the
cells vertically related to them.

The square is now magic in diagonals and in rows, and it remains
to make it magic in columns. Taking the original arrangement of the
numbers (in their natural order) we might have made the square magic

2

* See an article in the Messenger of Mathematics, Cambridge, September, 1893,

vol. XXIII, pp. 65-69.
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in columns in a similar way to that in which we made it magic in rows.
The sum of the numbers originally in the yth column from the left-hand
side is N — $n(n — 2y + 1). The sum of the numbers originally in the
complementary column, that is, the yth column from the right-hand
side, is N + n(n — 2y 4+ 1). Also the number originally in any cell
in the yth column was less than the number in the cell horizontally
related to it by n —2y+ 1. Hence, if in these two columns we had made
%n interchanges of the numbers situated in horizontally related cells,
we should have made the sum of the numbers in each column equal to
N. If we had done this in succession for every pair of complementary
columns, we should have made the square magic in columns. But, as
before, in order that the diagonals might remain magic, either we must
have left both the diagonal numbers in any column unaltered, or we
must have changed both of them with those in the cells horizontally
related to them.

It remains to show that the vertical and horizontal interchanges,
which have been considered in the last two paragraphs, can be made
independently, that is, that we can make these interchanges of the
numbers in complementary columns in such a manner as will not affect
the numbers already interchanged in complementary rows. This will
require that in every column there shall be exactly %n interchanges
of the numbers in vertically related cells, and that in every row there
shall be exactly %n interchanges of the numbers in horizontally related
cells. I proceed to show how we can always ensure this, if n is greater
than 2. I continue to suppose that the cells are initially filled with
the numbers 1,2, ...,7n? in their natural order, and that we work from
that arrangement.

A doubly-even square is one where n is of the form 4m. If the square
is divided into four equal quarters, the first quarter will contain 2m
columns and 2m rows. In each of these columns take m cells so arranged
that there are also m cells in each row, and change the numbers in these
2m? cells and the 6m? cells associated with them by a cross interchange.
The result is equivalent to 2m interchanges in every row and in every
column, and therefore renders the square magic.

One way of selecting the 2m? cells in the first quarter is to divide
the whole square into sixteen subsidiary squares each containing m?
cells, which we may represent by the diagram below, and then we may
take either the cells in the a squares or those in the b squares; thus, if
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alblb|a
bla|alb
bla|alb
a b|a

every number in the eight a squares is interchanged with the number
skewly related to it the resulting square is magic. A magic square of the
eighth order, constructed in this way, is shown in figure xv on page 138.

Another way of selecting the 2m? cells in the first quarter would
be to take the first m cells in the first column, the cells 2 to m + 1 in
the second column, and so on, the cells m + 1 to 2m in the (m + 1)th
column, the cells m+2 to 2m and the first cell in the (m-+2)th column,
and so on, and finally the 2mth cell and the cells 1 to m — 1 in the
2mth column.

A singly-even square is one where n is of the form 2(2m+1). If the
square is divided into four equal quarters, the first quarter will contain
2m—+1 columns and 2m+1 rows. In each of these columns take m cells
so arranged that there are also m cells in each row: as, for instance, by
taking the first m cells in the first column, the cells 2 to m + 1 in the
second column, and so on, the cells m + 2 to 2m + 1 in the (m + 2)th
column, the cells m + 3 to 2m + 1 and the first cell in the (m + 3)th
column, and so on, and finally the (2m + 1)th cell and the cells 1 to
m — 1 in the (2m + 1)th column. Next change the numbers in these
m(2m+1) cells and the 3m(2m+1) cells associated with them by cross
interchanges. The result is equivalent to 2m interchanges in every row
and in every column. In order to make the square magic we must have
%n, that is, 2m + 1 such interchanges in every row and in every column,
that is, we must have one more interchange in every row and in every
column. This presents no difficulty, for instance, in the arrangement
indicated above the numbers in the (2m + 1)th cell of the first column,
in the first cell of the second column, in the second cell of the third
column, and so on, to the 2mth cell in the (2m + 1)th column may be
interchanged with the numbers in their vertically related cells; this will
make all the rows magic. Next, the numbers in the 2mth cell of the first
column, in the (2m + 1)th cell of the second column, in the first cell of
the third column, in the second cell of the fourth column, and so on, to
the (2m — 1)th cell of the (2m + 1)th column may be interchanged with


• Project • Gutenberg • #26839 •


132 MAGIC SQUARES. [CH. V

those in the cells horizontally related to them; and this will make the
columns magic without affecting the magical properties of the rows.

It will be observed that we have implicitly assumed that m is not
zero, that is, that n is greater than 2; also it would seem that, if m =1
and therefore n = 6, then the numbers in the diagonal cells must be
included in those to which the cross interchange is applied, but, if n > 6,
this is not necessary, though it may be convenient.

The construction of odd magic squares and of doubly-even magic
squares is very easy. But though the rule given above for singly-even
squares is not difficult, it is tedious of application. It is unfortunate
that no more obvious rule—such, for instance, as one for bordering a
doubly-even square—can be suggested for writing down instantly and
without thought singly-even magic squares.

De la Hire’s Method . 1 now proceed to give another way due to
De la Hire, of constructing any even magic square of an order higher
than two.

In the same manner as in his rule for making odd magic squares,
we begin by constructing two subsidiary squares, one of the unit-digits,
1,2,3,...,n, and the other of the radix-digits 0,n,2n,...,(n — 1)n.
We then form the magic square by adding together the numbers in
the corresponding cells in the two subsidiary squares. Following the
analogy of the notation used above, two numbers which are equidistant
from the ends of the series 1,2, 3,...,n are said to be complementary.
Similarly numbers which are equidistant from the ends of the series
0,n,2n,...,(n — 1)n are said to be complementary.

For simplicity I shall apply this method to construct a magic square
of only the sixth order, though an exactly similar method will apply to
any even square of an order higher than the second.

The first of the subsidiary squares (figure ix) is constructed as fol-
lows. First, the cells in the leading diagonal are filled with the numbers
1, 2, 3, 4, 5, 6 placed in any order whatever that puts complementary
numbers in complementary positions (ex. gr. in the order 2, 6, 3, 4,
1, 5, or in their natural order 1, 2, 3, 4, 5, 6). Second, the cells ver-
tically related to these are filled respectively with the same numbers.

The rule is due to De la Hire (part 2 of his memoir) and is given by Montucla
in his edition of Ozanam’s work: I have used the modified enunciation of it
inserted in Labosne’s edition of Bachet’s Problémes, as it saves the introduction
of a third subsidiary square. I do not know to whom the modification is due.
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115)1413]12(6 013013010 (30f0 1135|343 1326
612141351 241612412416 |6 30| 8 28|27 11| 7
6151314121 18(18112112]12(18 2412311511614 19
115134126 1212118 18|18 12 13(17121122]20(18
6121314511 6 (241616 [24(24 1226 911012925
112)1413]5|6 300 0)0(30] 0130 311 2)4(33] 5|36
First Subsidiary Square Second Subsidiary Square Resulting Magic Square
Figure ix. Figure x. Figure xi.

Third, each of the remaining cells in the first vertical column is filled
either with the same number as that already in two of them or with
the complementary number (ez. gr. in figure ix with a “1” or a “6”)
in any way, provided that there are an equal number of each of these
numbers in the column, and subject also to the provisoes mentioned in
the next paragraph but one. Fourth, the cells horizontally related to
those in the first column are filled with the complementary numbers.
Fifth, the remaining cells in the second and third columns are filled
in an analogous way to that in which those in the first column were
filled: and then the cells horizontally related to them are filled with the
complementary numbers. The square so formed is necessarily magic in
rows, columns, and diagonals.

The second of the subsidiary squares (figure x) is constructed as fol-
lows. First, the cells in the leading diagonal are filled with the numbers
0, 6, 12, 18, 24, 30 placed in any order whatever that puts comple-
mentary numbers in complementary positions. Second, the cells hori-
zontally related to them are filled respectively with the same numbers.
Third, each of the remaining cells in the first horizontal row is filled
either with the same number as that already in two of them or with
the complementary number (ez. gr. in figure x with a “0” or a “30”) in
any way, provided (i) that there are an equal number of each of these
numbers in the row, and (ii) that if any cell in the first row of figure ix
and its vertically related cell are filled with complementary numbers,
then the corresponding cell in the first row of figure x and its hori-
zontally related cell must be occupied by the same number”. Fourth,
the cells vertically related to those in the first row are filled with the

*  The insertion of this step evades the necessity of constructing (as Montucla did)

a third subsidiary square.
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complementary numbers. Fifth, the remaining cells in the second and
the third rows are filled in an analogous way to that in which those in
the first row were filled: and then the cells vertically related to them
are filled with the complementary numbers. The square so formed is
necessarily magic in rows, columns, and diagonals.

It remains to show that proviso (ii) in the third step described in the
last paragraph can be satisfied always. In a doubly even square, that is,
one in which n is divisible by 4, we need not have any complementary
numbers in vertically related cells in the first subsidiary square unless
we please, but even if we like to insert them they will not interfere with
the satisfaction of this proviso. In the case of a singly even square, that
is, one in which n is divisible by 2, but not by 4, we cannot satisfy the
proviso if any horizontal row in the first square has all its vertically
related squares, other than the two squares in the diagonals, filled with
complementary numbers. Thus in the case of a singly even square it
will be necessary in constructing the first square to take care in the
third step that in every row at least one cell which is not in a diagonal
shall have its vertically related cell filled with the same number as itself:
this is always possible if n is greater than 2.

The required magic square will be constructed if in each cell we
place the sum of the numbers in the corresponding cells of the sub-
sidiary squares, figures ix and x. The result of this is given in figure xi.
The square is evidently magic. Also every number from 1 to 36 occurs
once and only once, for the numbers from 1 to 6 and from 31 to 36 can
occur only in the top or the bottom rows, and the method of construc-
tion ensures that the same number cannot occur twice. Similarly the
numbers from 7 to 12 and from 25 to 30 occupy two other rows, and
no number can occur twice; and so on. The square in figure i on page
121 may be constructed by the above rules; and the reader will have
no difficulty in applying them to any other even square.

OTHER METHODS FOR CONSTRUCTING ANY MAGIC SQUARE.
The above methods appear to me to be the simplest which have been
proposed. There are however two other methods, of less generality, to
which I will allude briefly in passing. Both depend on the principle
that, if every number in a magic square is multiplied by some constant,
and a constant is added to the product, the square will remain magic.

The first method applies only to such squares as can be divided into
smaller magic squares of some order higher than two. It depends on the
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fact that, if we know how to construct magic squares of the mth and nth
orders, we can construct one of the mnth order. For example, a square
of 81 cells may be considered as composed of 9 smaller squares each
containing 9 cells, and by filling the cells in each of these small squares
in the same relative order and taking the small squares themselves in
the same order, the square can be constructed easily. Such squares are
called composite magic squares.

The second method, which was introduced by Frénicle, consists in
surrounding a magic square with a border. Thus in figure xii on the
following page the inner square is magic, and it is surrounded with
a border in such a way that the whole square is also magic. In this
manner from the magic square of the 3rd order we can build up suc-
cessively squares of the orders 5, 7, 9, &c., that is, any odd magic
square. Similarly from the magic square of the 4th order we can build
up successively any higher even magic square.

If we construct a magic square of the first n? numbers by bordering
a magic square of (n — 2)? numbers, the usual process is to reserve for
the 4(n — 1) numbers in the border the first 2(n — 1) natural numbers
and the last 2(n — 1) numbers. Now the sum of the numbers in each
line of a square of the order (n — 2) is $(n — 2){(n — 2)* + 1}, and the
average is 3{(n —2)?+1}. Similarly the average number in a square of
the nth order is (n?+1). The difference of these is 2(n—1). We begin
then by taking any magic square of the order (n — 2), and we add to
every number in it 2(n — 1); this makes the average number 3(n*+1).

The numbers reserved for the border occur in pairs, n? and 1, n?—1
and 2, n2 —2 and 3, &c., such that the average of each pair is %(n2 +1),
and they must be bordered on the square so that these numbers are
opposite to one another. Thus the bordered square will be necessarily
magic, provided that the sum of the numbers in two adjacent sides of
the external border is correct. The arrangement of the numbers in the
borders will be somewhat facilitated if the number n* + 1 — p (which
has to be placed opposite to the number p) is denoted by p, but it is
not worth while going into further details here.

It will illustrate sufficiently the general method if I explain how the
square in figure xii is constructed. A magic square of the third order is
formed by De la Loubere’s rule, and to every number in it 8 is added:
the result is the inner square in figure xii. The numbers not used are
25 and 1, 24 and 2, 23 and 3, 22 and 4, 21 and 5, 20 and 6, 19 and
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7, 18 and 8. The sum of each pair is 26, and obviously they must be
placed at opposite ends of any line.

I believe that with a little patience a magic square of any order
can be thus built up, and of course it will have the property that,
if each border is successively stripped off, the square will still remain
magic. Some examples are given by Violle. This is the method of
construction commonly adopted by self-taught mathematicians, many

112(19]20]23 7120 311|124
181161 9 |14] 8 1312119 |17
21111113]15] 5 1912 115(23| 6
22112117110} 4 251 8 116] 4 |12
3124716125 1(14122]10]18
Bordered Magic Square. Nasik Magic Square.
Figure xii. Figure xiii.

of whom seem to think that the empirical formation of such squares
is a valuable discovery.

There are magic circles, rectangles, crosses, diamonds, stars, and
other figures: also magic cubes, cylinders, and spheres. The theory of
the construction of such figures is of no value, and I cannot spare the
space to describe rules for forming them.

HYPER-MAGIC SQUARES. In recent times attention has been
mainly concentrated on the formation of magic squares with the impo-
sition of additional conditions; some of the resulting problems involve
mathematical difficulties of a high order.

Nasik Squares. In one species of hyper-magic squares the squares
are formed so that the sums of the numbers along all the rows and
columns, both diagonals, and all the broken diagonals are the same. In
England these are called nasik squares or pan-diagonal magic squares:
in France carrés diaboliques or carrés magiquement magiques. These
squares were mentioned by De la Hire, Sauveur, and Euler; but the
theory is mainly due to Mr A.H. Frost, who has expounded it in the
memoirs mentioned in the footnote on page 123, and to M. Frolow,
who treated it in two memoirs, St Petersburg, 1884, and Paris, 1886.
Of course a nasik square can be divided by a vertical or horizontal cut
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and the pieces interchanged without affecting the magical property. By
one vertical and one horizontal transposition of this kind any number
can be moved to any specified cell.

A nasik square of the fourth order is represented in figure ii on
page 121, and one of the fifth order is represented in figure xiii on the
preceding page. Nasik squares of the order 6n£1 can be constructed by
rules analogous to those given by De la Loubere, except that a knight’s
and not a bishop’s move must be used in connecting cells filled by
consecutive numbers and that for orders higher than five special rules
for going from the cell occupied by the number kn to that occupied by
the number kn + 1 have to be laid down.

Doubly-Magic Squares. In another species of hyper-magic squares
the problem is to construct a magic square of the nth order in such a
way that if the number in each cell is replaced by its mth power the

5131135|60(57(34] 8 |30
1919 |53]46|47|56|18 (12
16(22142(39(52(61(27| 1
63]137(25|24| 3 |14]44(50
26] 4 (64149(38[43]13(23
4151|115 2 |21(28]62(40
54148 (201111017 |55(45
361586 129(32| 7 (33(59

A Doubly-Magic Square.
Figure xiv.

resulting square shall also be magic. Here for example (see figure xiv)
is a magic square” of the eighth order, the sum of the numbers in each
line being equal to 260, so constructed that if the number in each cell
is replaced by its square the resulting square is also magic (the sum of
the numbers in each line being equal to 11180).

Magcic PeENciLs.  Hitherto I have concerned myself with num-
bers arranged in lines. By reciprocating the figures composed of the

* See M. Coccoz in L’lllustration, May 29, 1897.
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points on which the numbers are placed we obtain a collection of lines
forming pencils, and, if these lines be numbered to correspond with the
points, the pencils will be magic”. Thus, in a magic square of the nth
order, we arrange n? consecutive numbers to form 2n + 2 lines, each
containing n numbers so that the sum of the numbers in each line is the
same. Reciprocally we can arrange n? lines, numbered consecutively to
form 2n + 2 pencils, each containing n lines, so that in each pencil the
sum of the numbers designating the lines is the same.

For instance, figure xv represents a magic square of 64 consecutive

112(62{61|60|59( 7|8
9110154 |53(52(51]15|16
48147(19]120(21|22(42]41
40139127128 (29(30]34|33
32131(35|36|37|38]26]25
2412314344 (4514611817
4915014113 |12|11|55|56
57 (5816 | 5|43 ([63]64

Figure xv.

numbers arranged to form 18 lines, each of 8 numbers. Reciprocally,
figure xvi represents 64 lines arranged to form 18 pencils, each of 8 lines.
The method of construction is fairly obvious. The eight-rayed pencil,
vertex O, is cut by two parallels perpendicular to the axis of the pencil,
and all the points of intersection are joined cross-wise. This gives 8
pencils, with vertices A, B, ..., H; 8 pencils, with vertices A’,... H';
one pencil with its vertex at O; and one pencil with its vertex on the
axis of the last-named pencil.

The sum of the numbers in each of the 18 lines in figure xv is
the same. To make figure xvi correspond to this we must number the
lines in the pencil A from left to right, 1,9,...,57, following the order
of the numbers in the first column of the square: the lines in pencil B
must be numbered similarly to correspond to the numbers in the second
column of the square, and so on. To prevent confusion in the figure I

* See Magic-Reciprocals by G. Frankenstein, Cincinnati, 1875.
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Figure xvi.

have not inserted the numbers, but it will be seen that the method of
construction ensures that the sum of the 8 numbers which designate
the lines in each of these 18 pencils is the same.

We can proceed a step further, if the resulting figure is cut by
two other parallel lines perpendicular to the axis, and if the points of
their intersection with the cross-joins be joined cross-wise, these new
cross-joins will intersect on the axis of the original pencil or on lines
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perpendicular to it. The whole figure will now give 8% lines, arranged in
244 pencils each of 8 rays, and will be the reciprocal of a magic cube of
the 8th order. If we reciprocate back again we obtain a representation
in a plane of a magic cube.

MAGIC SQUARE PuUzzLES. Many empirical problems, closely
related to magic squares, will suggest themselves; but most of them are
more correctly described as ingenious puzzles than as mathematical
recreations. The following will serve as specimens.

Magic Card Square”. The first of these is the familiar problem of
placing the sixteen court cards (taken out of a pack) in the form of a
square so that no row, no column, and neither of the diagonals shall
contain more than one card of each suit and one card of each rank.
The solution presents no difficulty, and is indicated in figure xviii on
the next page.

Euler’s Officers Problem!. A similar problem, proposed by Euler
in 1779, consists in arranging, if it be possible, thirty-six officers taken
from six regiments—the officers being in six groups, each consisting of
six officers of equal rank, one drawn from each regiment; say officers of
rank a, b, ¢, d, e, f, drawn from the 1st, 2nd, 3rd, 4th, 5th, and 6th
regiments—in a solid square formation of six by six, so that each row
and each file shall contain one and only one officer of each rank and
one and only one officer from each regiment. The problem is insoluble.

Ezxtension of Euler’s Problem. More generally we may investigate
the arrangement on a chess-board, containing n? cells, of n? counters
(the counters being divided into n groups, each group consisting of n
counters of the same colour numbered consecutively 1,2, ..., n) so that
each row and each column shall contain no two counters of the same
colour or marked with the same number.

For instance, if n = 3, with three red counters ay, as, as, three
white counters by, by, b3, and three black counters c;, c9, c3, we can
satisfy the conditions by arranging them as in figure xvii on the facing
page. If n = 4, then with counters ay, as, as, aq; by, ba, b3, by; c1, Co,

*  Ogzanam, 1723 edition, vol. 1v, p. 434.

1t Euler’s Commentationes Arithmeticae, St Petersburg, 1849, vol 11, pp. 302-361.
See also a paper by G. Tarry in the Comptes rendus of the French Association
for the Advancement of Science, Paris, 1900, vol. 11, pp. 170-203; and various
notes in L’Intermédiaire des mathématiciens, Paris, vol. 111, 1896, pp. 17, 90;
vol. v, 1898, pp. 83, 176, 252, vol. vi1, 1899, p. 251; vol. vi1, 1900, pp. 14, 311.
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c3, cy; dy, do, d3, dg, we can arrange them as in figure xviii below. A
solution when n = 5 is indicated in figure xix.

aq bg C3 d4 €5

aj bg C3 d4 b5 C1 dg €3 | a4

ai|be|cs cq |ds|az| b cq|ds|er|az|bs

bg C1 | ag dg C1 b4 as d3 €4 | Q5 b1 Cc2

c3|az| b by |as|dy |2 exlaz|by|cs|dy
Figure xvii. Figure xviii. Figure xix.

The problem is soluble if n is odd or if n is of the form 4m. If
solutions when n = a and when n = b are known, a solution when
n = ab can be written down at once. The theory is closely connected
with that of magic squares and need not be here discussed further.

Magic Domino Squares. Analogous problems can be made with
dominoes. An ordinary set of dominoes, ranging from double zero to
double six, contains 28 dominoes. Each domino is a rectangle formed
by fixing two small square blocks together side by side: of these 56
blocks, eight are blank, on each of eight of them is one pip, on each of
another eight of them are two pips, and so on. It is required to arrange
the dominoes so that the 56 blocks form a square of 7 by 7 bordered
by one line of 7 blank squares and so that the sum of the pips in each
row, each column, and in the two diagonals of the square is equal to
24. A solution” is given on the following page.

Similarly, a set of dominoes, ranging from double zero to double n,
contains 1(n + 1)(n + 2) dominoes and therefore (n+ 1)(n + 2) blocks.
Can these dominoes be arranged in the form of a square of (n + 1)?
cells, bordered by a row of blanks, so that the sum of the pips in each
row, each column, and in the two diagonals of the square is equal to
sn(n + 2)7

Magic Coin Squares'. There are somewhat similar questions con-
cerned with coins. Here is one applicable to a square of the third order
divided into nine cells, as in figure xvii above. If a five-shilling piece
is placed in the middle cell ¢; and a florin in the cell below it, namely,
in ag it is required to place the fewest possible current English coins in

*  See L’Illustration, July 10, 1897.
1t See The Strand Magazine, London, December, 1896, pp. 720, 721.
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Magic Domino Square.

the remaining seven cells so that in each cell there is at least one coin,
so that the total value of the coins in every cell is different, and so that
the sum of the values of the coins in each row, column, and diagonal is
fifteen shillings: it will be found that thirteen additional coins will suf-
fice. A similar problem is to place ten current English postage stamps,
all but two being different, in the nine cells so that the sum of the
values of the stamps in each row, column, and diagonal is ninepence.
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CHAPTER VI

UNICURSAL PROBLEMS.

I PROPOSE to consider in this chapter some problems which arise
out of the theory of unicursal curves. I shall commence with Fuler’s
Problem and Theorems, and shall apply the results briefly to the theo-
ries of Mazes and Geometrical Trees. The reciprocal unicursal problems
of the Hamilton Game and the Knight’s Path on a Chess-board will be
discussed in the latter half of the chapter.

EULER’S PROBLEM.  Euler’s problem has its origin in a memoir”
presented by him in 1736 to the St Petersburg Academy, in which he
solved a question then under discussion as to whether it was possible
to take a walk in the town of Konigsberg in such a way as to cross
every bridge in it once and only once.

The town is built near the mouth of the river Pregel, which there
takes the form indicated on the following page and includes the island
of Kneiphof. In 1759 there were (and according to Baedeker there are
still) seven bridges in the positions shown in the diagram, and it is
easily seen that with such an arrangement the problem is insoluble.
Euler however did not confine himself to the case of Konigsberg, but
discussed the general problem of any number of islands connected in
any way by bridges. It is evident that the question will not be affected if

*  Solutio problematis ad Geometriam situs pertinentis, Commentarii Academiae

Scientiarum Petropolitanae for 1736, St Petersburg, 1741, vol. vIil, pp. 128-140.
This has been translated into French by M. Ch. Henry; see Lucas, vol. 1, part 2,
pp- 21-33.
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we suppose the islands to diminish to points and the bridges to lengthen
out. In this way we ultimately obtain a geometrical figure or network.
In the Konigsberg problem this figure is of the shape indicated below,
the areas being represented by the points A, B, C, D, and the bridges
being represented by the lines [, m, n, p, q, r, s.

Euler’s problem consists therefore in finding whether a given ge-
ometrical figure can be described by a point moving so as to traverse
every line in it once and only once. A more general question is to deter-
mine how many strokes are necessary to describe such a figure so that
no line is traversed twice: this is covered by the rules hereafter given.
The figure may be either in three or in two dimensions, and it may be
represented by lines, straight, curved, or tortuous, joining a number of
given points, or a model may be constructed by taking a number of
rods or pieces of string furnished at each end with a hook so as to allow
of any number of them being connected together at one point.

The theory of such figures is included as a particular case in the
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propositions proved by Listing in his Topologie”. I shall, however, adopt
here the methods of Euler, and I shall begin by giving some definitions,
as it will enable me to put the argument in a more concise form.

A node (or isle) is a point to or from which lines are drawn. A
branch (or bridge or path) is a line connecting two consecutive nodes.
An end (or hook) is the point at each termination of a branch. The
order of a node is the number of branches which meet at it. A node to
which only one branch is drawn is a free node or a free end. A node at
which an even number of branches meet is an even node: evidently the
presence of a node of the second order is immaterial. A node at which
an odd number of branches meet is an odd node. A figure is closed if
it has no free end: such a figure is often called a closed network.

A route consists of a number of branches taken in consecutive order
and so that no branch is traversed twice. A closed route terminates at
the point from which it started. A figure is described unicursally when
the whole of it is traversed in one route.

The following are Euler’s results. (i) In a closed network the num-
ber of odd nodes is even. (ii) A figure which has no odd node can be
described unicursally, in a re-entrant route, by a moving point which
starts from any point on it. (iii) A figure which has two and only two
odd notes can be described unicursally by a moving point which starts
from one of the odd nodes and finishes at the other. (iv) A figure which
has more than two odd nodes cannot be described completely in one
route; to which Listing added the corollary that a figure which has 2n
odd nodes, and no more, can be described completely in n separate
routes. I now proceed to prove these theorems.

First.  The number of odd nodes in a closed network is even.

Suppose the number of branches to be b. Therefore the number of
hooks is 2b. Let k,, be the number of nodes of the nth order. Since
a node of the nth order is one at which n branches meet, there are n
hooks there. Also since the figure is closed, n cannot be less than 2.

o 2ky + 3ks +4ky+ - +nk,+---=2b.
Hence 3ks 4 5ks 4 - -+ is even.
ks + ks+--- iseven.

*  Die Studien, Gottingen, 1847, part x. See also Tait on Listing’s Topologie,
Philosophical Magazine, London, January, 1884, series 5, vol. XVII, pp. 30—46.
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Second. A figure which has no odd node can be described unicur-
sally in a re-entrant route.

Since the route is to be re-entrant it will make no difference where
it commences. Suppose that we start from a node A. Every time our
route takes us through a node we use up one hook in entering it and one
in leaving it. There are no odd nodes, therefore the number of hooks
at every node is even: hence, if we reach any node except A, we shall
always find a hook which will take us into a branch previously untra-
versed. Hence the route will take us finally to the node A from which
we started. If there are more than two hooks at A, we can continue the
route over one of the branches from A previously untraversed, but in
the same way as before we shall finally come back to A.

It remains to show that we can arrange our route so as to make
it cover all the branches. Suppose each branch of the network to be
represented by a string with a hook at each end, and that at each node
all the hooks there are fastened together. The number of hooks at
each node is even, and if they are unfastened they can be re-coupled
together in pairs, the arrangement of the pairs being immaterial. The
whole network will then form one or more closed curves, since now each
node consists merely of two ends hooked together.

If this random coupling gives us one single curve then the proposi-
tion is proved; for starting at any point we shall go along every branch
and come back to the initial point. But if this random coupling pro-
duces anywhere an isolated loop, L, then where it touches some other
loop, M, say at the node P, unfasten the four hooks there (viz. two of
the loop L and two of the loop M) and re-couple them in any other
order: then the loop L will become a part of the loop M. In this way,
by altering the couplings, we can transform gradually all the separate
loops into parts of only one loop.

For example, take the case of three isles, A, B, C, each connected
with both the others by two bridges. The most unfavourable way of re-
coupling the ends at A, B, C would be to make ABA, ACA, and BCB
separate loops. The loops ABA and ACA are separate and touch at A;
hence we should re-couple the hooks at A so as to combine ABA and
ACA into one loop ABACA. Similarly, by re-arranging the couplings
of the four hooks at B, we can combine the loop BC'B with ABAC'A
and thus make only one loop.

I infer from Euler’s language that he had attempted to solve the
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problem of giving a practical rule which would enable one to describe
such a figure unicursally without knowledge of its form, but that in this
he was unsuccessful. He however added that any geometrical figure can
be described completely in a single route provided each part of it is
described twice and only twice, for, if we suppose that every branch is
duplicated, there will be no odd nodes and the figure is unicursal. In
this case any figure can be described completely without knowing its
form: rules to effect this are given below.

Third. A figure which has two and only two odd nodes can be
described unicursally by a point which starts from one of the odd nodes
and finishes at the other odd node.

This at once reduces to the second theorem. Let A and Z be the
two odd nodes. First, suppose that Z is not a free end. We can, of
course, take a route from A to Z; if we imagine the branches in this
route to be eliminated, it will remove one hook from A and make it
even, will remove two hooks from every node intermediate between A
and Z and therefore leave each of them even, and will remove one hook
from Z and therefore will make it even. All the remaining network is
now even: hence, by Euler’s second proposition, it can be described
unicursally, and, if the route begins at Z, it will end at Z. Hence,
if these two routes are taken in succession, the whole figure will be
described unicursally, beginning at A and ending at Z. Second, if Z
is a free end, then we must travel from Z to some node, Y, at which
more than two branches meet. Then a route from A to Y which covers
the whole figure exclusive of the path from Y to Z can be determined
as before and must be finished by travelling from Y to Z.

Fourth. A figure having 2n odd nodes, and no more, can be de-
scribed completely in n separate routes.

If any route starts at an odd node, and if it is continued until it
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reaches a node where no fresh path is open to it, this latter node must
be an odd one. For every time we enter an even node there is necessarily
a way out of it; and similarly every time we go through an odd node
we use up one hook in entering and one hook in leaving, but whenever
we reach it as the end of our route we use only one hook. If this route
is suppressed there will remain a figure with 2n — 2 odd nodes. Hence
n such routes will leave one or more networks with only even nodes.
But each of these must have some node common to one of the routes
already taken and therefore can be described as a part of that route.
Hence the complete passage will require n and not more than n routes.
It follows, as stated by Euler, that, if there are more than two odd
nodes, the figure cannot be traversed completely in one route.

The Konigsberg bridges lead to a network with four odd nodes;
hence, by Euler’s fourth proposition, it cannot be described unicur-
sally in a single journey, though it can be traversed completely in two
separate routes.

The first and second diagrams figured below contain only even
nodes, and therefore each of them can be described unicursally. The

A

first of these—a re-entrant pentagon—was one of the Pythagorean sym-
bols. The other is the so-called sign-manual of Mohammed, said to have
been originally traced in the sand by the point of his scimetar with-
out taking the scimetar off the ground or retracing any part of the
figure—which, as it contains only even nodes, is possible. The third
diagram is taken from Tait’s article: it contains only two odd nodes,
and therefore can be described unicursally if we start from one of them
and finish at the other.

As other examples I may note that the geometrical figure formed
by taking a (2n 4+ 1)gon and joining every angular point with every
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other angular point is unicursal. On the other hand a chess-board,
divided as usual by straight lines into 64 cells, has 28 odd nodes and
53 even nodes: hence it would require 14 separate pen-strokes to trace
out all the boundaries without going over any more than once. Again,
the diagram on page 102 has 20 odd nodes and therefore would require
10 separate pen-strokes to trace it out.

It is well known that a curve which has as many nodes as is con-
sistent with its degree is unicursal.

MazgS.  Everyone has read of the labyrinth of Minos in Crete
and of Rosamund’s Bower. A few modern mazes exist here and there—
notably one, which is a very poor specimen of its kind, at Hampton
Court—and in one of these, or at any rate on a drawing of one, most of
us have threaded our way to the interior. I proceed now to consider the
manner in which any such construction may be completely traversed
even by one who is ignorant of its plan.

The theory of the description of mazes is included in Euler’s theo-
rems given above. The paths in the maze are what previously we have
termed branches, and the places where two or more paths meet are
nodes. The entrance to the maze, the end of a blind alley, and the
centre of the maze are free ends and therefore odd nodes.

If the only odd nodes are the entrance to the maze and the centre
of it—which will necessitate the absence of all blind alleys—the maze can
be described unicursally. This follows from FEuler’s third proposition.
Again, no matter how many odd nodes there may be in a maze, we can
always find a route which will take us from the entrance to the centre
without retracing our steps, though such a route will take us through
only a part of the maze. But in neither of the cases mentioned in this
paragraph can the route be determined without a plan of the maze.

A plan is not necessary, however, if we make use of Euler’s sugges-
tion, and suppose that every path in the maze is duplicated. In this
case we can give definite rules for the complete description of the whole
of any maze, even if we are entirely ignorant of its plan. Of course to
walk twice over every path in a labyrinth is not the shortest way of
arriving at the centre, but, if it is performed correctly, the whole maze
is traversed, the arrival at the centre at some point in the course of the
route is certain, and it is impossible to lose one’s way.
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I need hardly explain why the complete description of such a du-
plicated maze is possible, for now every node is even, and hence, by
Euler’s second proposition, if we begin at the entrance we can traverse
the whole maze; in so doing we shall at some point arrive at the cen-
tre, and finally shall emerge at the point from which we started. This
description will require us to go over every path in the maze twice,
and as a matter of fact the two passages along any path will be always
made in opposite directions.

If a maze is traced on paper, the way to the centre is generally
obvious, but in an actual labyrinth it is not so easy to find the correct
route unless the plan is known. In order to make sure of describing
a maze without knowing its plan it is necessary to have some means
of marking the paths which we traverse and the direction in which we
have traversed them—for example, by drawing an arrow at the entrance
and end of every path traversed, or better perhaps by marking the wall
on the right-hand side, in which case a path may not be entered when
there is a mark on each side of it. If we can do this, and if when a node
is reached, we take, if it be possible, some path not previously used,
or, if no other path is available, we enter on a path already traversed
once only, we shall completely traverse any maze in two dimensions’.
Of course a path must not be traversed twice in the same direction, a
path already traversed twice (namely, once in each direction) must not
be entered, and at the end of a blind alley it is necessary to turn back
along the path by which it was reached.

I think most people would understand by a maze a series of inter-
lacing paths through which some route can be obtained leading to a
space or building at the centre of the maze. I believe that few, if any,
mazes of this type existed in classical or medieval times.

One class of what the ancients called mazes or labyrinths seems
to have comprised any complicated building with numerous vaults and
passages’. Such a building might be termed a labyrinth, but it is not

* See Le probléme des labyrinthes by G. Tarry, Nouvelles Annales de mathémat-

iques, May, 1895, series 3, vol. XIv.

1 For instance, see the descriptions of the labyrinth at Lake Moeris given by
Herodotus, bk. ii, c¢. 148; Strabo, bk. xvii, c. 1, art. 37; Diodorus, bk. i, cc. 61,
66; and Pliny, Hist. Nat., bk. xxxvi, c. 13, arts. 84-89. On these and other
references see A. Wiedemann, Herodots zweites Buch, Leipzig, 1890, p. 522 et
seq. See also Virgil, Aeneid, bk. v, c. v, 588; Ovid, Met., bk. viii, c¢. 5, 159;
Strabo, bk. viii, c. 6.
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what is usually understood by the word. The above rules would enable
anyone to traverse the whole of any structure of this kind. I do not
know if there are any accounts or descriptions of Rosamund’s Bower
other than those by Drayton, Bromton, and Knyghton: in the opinion
of some, these imply that the bower was merely a house, the passages
in which were confusing and ill-arranged.

Another class of ancient mazes consisted of a tortuous path confined
to a small area of ground and leading to a place or shrine in the centre”.
This is a maze in which there is no chance of taking a wrong turning;
but, as the whole area can be occupied by the windings of one path,
the distance to be traversed from the entrance to the centre may be
considerable, even though the piece of ground covered by the maze
is but small.

The traditional form of the labyrinth constructed for the Minotaur
is a specimen of this class. It was delineated on the reverses of the coins
of Cnossus, specimens of which are not uncommon; one form of it is
indicated in the accompanying diagram (figure i). The design really is
the same as that drawn in figure ii, as can be easily seen by bending
round a circle the rectangular figure there given.

Mr Inwards has suggested’ that this design on the coins of Cnossus
may be a survival from that on a token given by the priests as a clue to

Figure i. Figure ii.

the right path in the labyrinth there. Taking the circular form of the
design shown above he supposed each circular wall to be replaced by
two equidistant walls separated by a path, and thus obtained a maze

*  On ancient and medieval labyrinths—particularly of this kind—see an article by

Mr E. Trollope in The Archaeological Journal, 1858, vol. Xv, pp. 216-235, from
which much of the historical information given above is derived
1 Knowledge, London, October, 1892.


• Project • Gutenberg • #26839 •


152 UNICURSAL PROBLEMS. [CH. VI

to which the original design would serve as the key. The route thus
indicated may be at once obtained by noticing that when a node is
reached (i.e. a point where there is a choice of paths) the path to be
taken is that which is next but one to that by which the node was
approached. This maze may be also threaded by the simple rule of
always following the wall on the right-hand side or always that on the
left-hand side. The labyrinth may be somewhat improved by erecting a
few additional barriers, without affecting the applicability of the above
rules, but it cannot be made really difficult. This makes a pretty toy,
but though the conjecture on which it is founded is ingenious it must
be regarded as exceedingly improbable. Another suggestion is that the
curved line on the reverse of the coins indicated the form of the rope
held by those taking part in some rhythmic dance; while others consider
that the form was gradually evolved from the widely prevalent svastika.

Copies of the maze of Cnossus were frequently engraved on Greek
and Roman gems; similar but more elaborate designs are found in nu-
merous Roman mosaic pavements . A copy of the Cretan labyrinth
was embroidered on many of the state robes of the later Emperors,
and, apparently thence, was copied on to the walls and floors of vari-
ous churches’. At a later time in Italy and in France these mural and
pavement decorations were developed into scrolls of great complexity,
but consisting, as far as I know, always of a single line. Some of the
best specimens now extant are on the walls of the cathedrals at Lucca,
Aix in Provence, and Poitiers; and on the floors of the churches of Santa
Maria in Trastevere at Rome, San Vitale at Ravenna, Notre Dame at
St Omer, and the cathedral at Chartres. It is possible that they were
used to represent the journey through life as a kind of pilgrim’s progress.

In England these mazes were usually, perhaps always, cut in the
turf adjacent to some religious house or hermitage: and there are some
slight reasons for thinking that, when traversed as a religious exercise,
a pater or ave had to be repeated at every turning. After the Renais-
sance, such labyrinths were frequently termed Troy-towns or Julian’s
bowers. Some of the best specimens, which are still extant, are those at
Rockliff Marshes, Cumberland; Asenby, Yorkshire; Alkborough, Lin-
colnshire; Wing, Rutlandshire; Boughton-Green, Northamptonshire;
Comberton, Cambridgeshire; Saffron Walden, Essex; and Chilcombe,

*  See ex. gr. Breton’s Pompeia, p. 303.

T Ozanam, Graphia aureae urbis Romae, pp. 92, 178.
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near Winchester.

The modern maze seems to have been introduced—probably from
Italy—during the Renaissance, and many of the palaces and large
houses built in England during the Tudor and the Stuart periods
had labyrinths attached to them. Those adjoining the royal palaces
at Southwark, Greenwich, and Hampton Court were particularly well
known from their vicinity to the capital. The last of these was designed
by London and Wise in 1690, for William III, who had a fancy for such
conceits: a plan of it is given in various guide-books. For the majority

MazE AT HAMPTON COURT.

of the sight-seers who enter, it is sufficiently elaborate; but it is an
indifferent construction, for it can be described completely by always
following the hedge on one side (either the right hand or the left hand),
and no node is of an order higher than three.

Unless at some point the route to the centre forks and subsequently
the two forks reunite, forming a loop in which the centre of the maze
is situated, the centre can be reached by the rule just given, namely,
by following the wall on one side—either on the right hand or on the
left hand. No labyrinth is worthy of the name of a puzzle which can
be threaded in this way. Assuming that the path forks as described
above, the more numerous the nodes and the higher their order the
more difficult will be the maze, and the difficulty might be increased
considerably by using bridges and tunnels so as to construct a labyrinth
in three dimensions. In an ordinary garden and on a small piece of
ground, often of an inconvenient shape, it is not easy to make a maze
which fulfils these conditions. Here on the following page is a plan of
one which I put up in my own garden on a plot of ground which would
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not allow of more than 36 by 23 paths, but it will be noticed that none
of the nodes are of a high order.

GEOMETRICAL TREES.  Euler’s original investigations were con-
fined to a closed network. In the problem of the maze it was assumed
that there might be any number of blind alleys in it, the ends of which
formed free nodes. We may now progress one step farther, and sup-
pose that the network or closed part of the figure diminishes to a point.
This last arrangement is known as a tree. The number of unicursal
descriptions necessary to completely describe a tree is called the base
of the ramification.

We can illustrate the possible form of these trees by rods, having a
hook at each end. Starting with one such rod, we can attach at either
end one or more similar rods. Again, on any free hook we can attach
one or more similar rods, and so on. Every free hook, and also every
point where two or more rods meet, are what hitherto we have called
nodes. The rods are what hitherto we have termed branches or paths.

The theory of trees—which already plays a somewhat important
part in certain branches of modern analysis, and possibly may contain
the key to certain chemical and biological theories—originated in a
memoir by Cayley”, written in 1856. The discussion of the theory has

* Philosophical Magazine, March, 1857, series 4, vol. X111, pp. 172-176; or Collected
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been analytical rather than geometrical. I content myself with noting
the following results.

The number of trees with n given nodes is n" 2. If A, is the
number of trees with n branches, and B, the number of trees with n
free branches which are bifurcations at least, then

(1—a2) ' 1= M1 =2 =14 Ajz + Agz® + Aga® + -,
(I—2)'(1—2*) (1 -2 =142 +2B2”> + 2B’ + - .

Using these formulae we can find successively the values of A;, Ao, ...,
and By, Bs,.... The values of A, when n = 2, 3, 4, 5, 6, 7, are 2, 4,
9, 20, 48, 115; and of B,, are 1, 2, 5, 12, 33, 90.

I turn next to consider some problems where it is desired to find a
route which will pass once and only once through each node of a given
geometrical figure. This is the reciprocal of the problem treated in the
first part of this chapter, and is a far more difficult question. I am not
aware that the general theory has been considered by mathematicians,
though two special cases—namely, the Hamiltonian (or Icosian) Game
and the Knight’s Path on a Chess-Board—have been treated in some
detail; and I confine myself to a discussion of these.

THE HAMILTONIAN GAME.  The Hamiltonian Game consists in
the determination of a route along the edges of a regular dodecahedron
which will pass once and only once through every angular point. Sir
William Hamilton", who invented this game—if game is the right term
for it—denoted the twenty angular points on the solid by letters which
stand for various towns. The thirty edges constitute the only possible

Works, Cambridge, 1890, vol. 111, no. 203, pp. 242-346: see also the paper on
double partitions, Philosophical Magazine, November, 1860, series 4, vol. XX,
pp. 337-341. On the number of trees with a given number of nodes, see the
Quarterly Journal of Mathematics, London, 1889, vol. XX1i11, pp. 376-378. The
connection with chemistry was first pointed out in Cayley’s paper on isomers,
Philosophical Magazine, June, 1874, series 4, vol. XLvII, pp. 444-447, and was
treated more fully in his report on trees to the British Association in 1875,
Reports, pp. 257-305.

*  See Quarterly Journal of Mathematics, London, 1862, vol. v, p. 305; or Philo-
sophical Magazine, January, 1884, series 5, vol. XVII, p. 42; also Lucas, vol. 11,
part vii.
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paths. The inconvenience of using a solid is considerable, and the
dodecahedron may be represented conveniently in perspective by a flat
board marked as shown in the first of the annexed diagrams. The
second and third diagrams will answer our purpose equally well and
are easier to draw.

Py 2]
€ )

T
T

The first problem is go “all round the world,” that is, starting from
any town, to go to every other town once and only once and to return
to the initial town; the order of the n towns to be first visited being
assigned, where n is not greater than five.

Hamilton’s rule for effecting this was given at the meeting in 1857
of the British Association at Dublin. At each angular point there are
three and only three edges. Hence, if we approach a point by one edge,
the only routes open to us are one to the right, denoted by r, and one
to the left, denoted by [. It will be found that the operations indicated
on opposite sides of the following equalities are equivalent,

Fl=rlr, rCPr=1Irl, I3l =r% rBr=1I07".
Also the operation [° or r® brings us back to the initial point: we may
represent this by the equations

To solve the problem for a figure having twenty angular points
we must deduce a relation involving twenty successive operations, the
total effect of which is equal to unity. By repeated use of the relation
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12 = rl3r we see that

L=0=0PP = (lPr)l® = {rI*} = {r(rl’r)l}*
= {r?Pri}? = {7 (rlr)Irl}? = {F*Prirl}?.
Therefore PPBern)*y =1 (i),
and similarly {Br*(r)?yY? =1 (ii).

Hence on a dodecahedron either of the operations

rerlllrlrlrerlllelel L (1),

Lilrrrlelrlllererleler ool (ii),

indicates a route which takes the traveller through every town, The
arrangement is cyclical, and the route can be commenced at any point
in the series of operations by transferring the proper number of letters
from one end to the other. The point at which we begin is determined
by the order of certain towns which is given initially.

Thus, suppose that we are told that we start from F and then
successively go to B, A, U, and T, and we want to find a route from
T through all the remaining towns which will end at F. If we think of
ourselves as coming into F' from G, the path F'B would be indicated
by [, but if we think of ourselves as coming into F' from F, the path
F' B would be indicated by r. The path from B to A is indicated by [,
and so on. Hence our first paths are indicated either by [ [ [ r or by
r [ I r. The latter operation does not occur either in (i) or in (ii), and
therefore does not fall within our solutions. The former operation may
be regarded either as the 1st, 2nd, 3rd, and 4th steps of (ii), or as the
4th, 5th, 6th, and 7th steps of (i). Each of these leads to a route which
satisfies the problem. These routes are

FBAUTPONCDEJKLMQ@QRSHGF,
and FBAUTSRKLMQPONCDEJHGF.

It is convenient to make a mark or to put down a counter at each
corner as soon as it is reached, and this will prevent our passing through
the same town twice.

A similar game may be played with other solids provided that at
each angular point three and only three edges meet. Of such solids a
tetrahedron and a cube are the simplest instances, but the reader can
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make for himself any number of plane figures representing such solids
similar to those drawn on page 156. Some of these were indicated by
Hamilton. In all such cases we must obtain from the formulae analogous
to those given above cyclical relations like (i) or (ii) there given. The
solution will then follow the lines indicated above. This method may
be used to form a rule for describing any maze in which no node is of
an order higher than three.

For solids having angular points where more than three edges
meet—such as the octahedron where at each angular point four edges
meet, or the icosahedron where at each angular point five edges meet—
we should at each point have more than two routes open to us; hence
(unless we suppress some of the edges) the symbolical notation would
have to be extended before it could be applied to these solids. I offer
the suggestion to anyone who is desirous of inventing a new game.

Another and a very elegant solution of the Hamiltonian dodecahe-
dron problem has been given by M. Hermary. It consists in unfolding
the dodecahedron into its twelve pentagons, each of which is attached
to the preceding one by only one of its sides; but the solution is geo-
metrical, and not directly applicable to more complicated solids.

Hamilton suggested as another problem to start from any town,
to go to certain specified towns in an assigned order, then to go to
every other town once and only once, and to end the journey at some
given town. He also suggested the consideration of the way in which a
certain number of towns should be blocked so that there was no passage
through them, in order to produce certain effects. These problems have
not, so far as I know, been subjected to mathematical analysis.

KNIGHT’S PATH ON A CHESS-BOARD.  Another geometrical
problem on which a great deal of ingenuity has been expended, and of
a kind somewhat similar to the Hamiltonian game, consists in moving
a knight on a chess-board in such a manner that it shall move suc-
cessively on to every cell” once and only once. The literature on this
subject is so extensive' that I make no pretence to give a full account of
the various methods for solving the problem, and I shall content myself

* The 64 small squares into which a chess-board is divided are termed cells.

t For a bibliography see A. van der Linde, Geschichte und Literatur des
Schachspiels, Berlin, 1874, vol. 11, pp. 101-111. On the problem see a memoir
by P. Volpicelli in Atti della Reale Accademia dei Lincei, Rome, 1872, vol. XXV,
pp. 87-162: also Applications de I’Analyse Mathématique au Jeu des échecs,
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by putting together a few notes on some of the solutions I have come
across, particularly on those due to De Moivre, Euler, Vandermonde,
Warnsdorff, and Roget.

On a board containing an even number of cells the path may or
may not be re-entrant, but on a board containing an odd number of
cells it cannot be re-entrant. For, if a knight begins on a white cell, its
first move must take it to a black cell, the next to a white cell, and so
on. Hence, if its path passes through all the cells, then on a board of
an odd number of cells the last move must leave it on a cell of the same
colour as that on which it started, and therefore these cells cannot be
connected by one move.

The earliest solutions of which I have any knowledge are those
given about the end of the seventeenth century by De Montmort and
De Moivre". They apply to the ordinary chess-board of 64 cells, and de-
pend on dividing (mentally) the board into an inner square containing
sixteen cells surrounded by an outer ring of cells two deep. If initially
the knight is placed on a cell in the outer ring, it moves round that ring
always in the same direction so as to fill it up completely—only going
into the inner square when absolutely necessary. When the outer ring
is filled up the order of the moves required for filling the remaining cells
presents but little difficulty. If initially the knight is placed on the inner
square the process must be reversed. The method can be applied to
square and rectangular boards of all sizes. It is illustrated sufficiently
by De Moivre’s solution which is given on the following page, where the
numbers indicate the order in which the cells are occupied successively.
I place by its side a somewhat similar re-entrant solution, due to Euler,
for a board of 36 cells. If a chess-board is used it is convenient to place
a counter on each cell as the knight leaves it.

The next serious attempt to deal with the subject was made by Eu-
ler™ in 1759: it was due to a suggestion made by L. Bertrand of Geneva,
who subsequently (in 1778) issued an account of it. This method is ap-
plicable to boards of any shape and size, but in general the solutions

by C.F. de Jaenisch, 3 vols., St Petersburg, 1862-3; and General Parmentier,

Association Frangaise pour 'avancement des Sciences, 1891, 1892, 1894.

I do not know where they were published originally; they were quoted by

Ozanam and Montucla, see Ozanam, 1803 edition, vol. I, p. 178; 1840 edition,

p- 80.

1 Mémoires de Berlin for 1759, Berlin, 1766, pp. 310-337; or Commentationes
Arithmeticae Collectae, St Petersburg, 1849, vol. 1, pp. 337-355.
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34(49122|111(36(39|24| 1

21110(35]50(23|12|37(40

48133162 57|38 (25] 2 (13 301216 |15|28(19
9120(51(54|63[60|41(26 7116129|20| 5 |14
32147(58|61(56|53|14| 3 22(31| 8 |35(18|27
19( 8 155(52|59(64|27|42 9136(17|26|13| 4
46 (31| 6 |17(44(29]| 4 |15 32(23] 2 |11(34(25
7 118(45|30| 5 |16]43 (28 1110(33(24| 3 |12

De Moivre’s Solution. Euler’s Thirty-siz Cell Solution.

to which it leads are not symmetrical and their mutual connexion is
not apparent.

Euler commenced by moving the knight at random over the board
until it has no move open to it. With care this will leave only a few
cells not traversed: denote them by a,b,.... His method consists in
establishing certain rules by which these vacant cells can be interpolated
into various parts of the circuit, and also by which the circuit can be
made re-entrant.

The following example, mentioned by Legendre as one of excep-
tional difficulty, illustrates the method. Suppose that we have formed

55(58(29140(27144]19|22 22125(50139(52]35(60|57
60|39(56143(30121|26|45 27140(23136(49|58|53 |34
57154(59128(4118|23|20 24121(26|51(38]|61|56 |59
385142131 8 125(46|17 41)128(37148| 3 |54|33(62
53(32(37| a [47]16] 9 |24 20(47(42113(32163| 4 |55
50| 3 152133|36| 7 [12(15 2911611914643 2| 7 |10

3415|481 b |14| ¢ |10 18145114 (31(12] 9 (64| 5
414912 (356 [11|d |13 15(30|17(44( 1|6 (11| 8

Figure i. Figure ii.

Example of Euler’s Method.
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the route given in figure i; namely, 1, 2, 3, ..., 59, 60; and that there
are four cells left untraversed, namely, a, b, ¢, d.

We begin by making the path 1 to 60 re-entrant. The cell 1 com-
mands a cell p, where p is 32, 52, or 2. The cell 60 commands a cell
q, where q is 29, 59, or 51. Then, if any of these values of p and ¢
differ by unity, we can make the route re-entrant. This is the case here
if p =52, ¢ = 51. Thus the cells 1,2,3,...,51; 60,59,...,52 form a
re-entrant route of 60 moves. Hence, if we replace the numbers 60, 59,
...,92 by 52,53,...,60, the steps will be numbered consecutively. I
recommend the reader who wishes to follow the subsequent details of
Euler’s argument to construct this square on a piece of paper before
proceeding further.

Next, we add the cells a, b, d to this route. In the new diagram of
60 cells formed as above the cell a commands the cells there numbered
51, 53, 41, 25, 7, 5, and 3. It is indifferent which of these we select:
suppose we take 51. Then we must make 51 the last cell of the route of
60 cells, so that we can continue with a, b, d. Hence, if the reader will
add 9 to every number on the diagram he has constructed, and then
replace 61,62,...,69 by 1,2,...,9, he will have a route which starts
from the cell occupied originally by 60, the 60th move is on to the cell
occupied originally by 51, and the 61st, 62nd, 63rd moves will be on
the cells a, b, d respectively.

It remains to introduce the cell ¢. Since ¢ commands the cell now
numbered 25, and 63 commands the cell now numbered 24, this can be
effected in the same way as the first route was made re-entrant. In fact
the cells numbered 1,2,...,24; 63,62,...,25,c form a knight’s path.
Hence we must replace 63,62,...,25 by the numbers 25,26, ...,63,
and then we can fill up ¢ with 64. We have now a route which covers
the whole board.

Lastly, it remains to make this route re-entrant. First, we must
get the cells 1 and 64 near one another. This can be effected thus.
Take one of the cells commanded by 1, such as 28, then 28 commands
1 and 27. Hence the cells 64,63,...,28; 1,2,...,27 form a route; and
this will be represented in the diagram if we replace the cells numbered
1,2,...,27 by 27,26,...,1.

The cell now occupied by 1 commands the cells 26, 38, 54, 12, 14,
16, 28; and the cell occupied by 64 commands the cells 13, 43, 63,
55. The cells 13 and 14 are consecutive, and therefore the cells 64, 63,
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ooy 145 1,2,...,13 form a route. Hence we must replace the numbers
1,2,...,13 by 13,12,...,1, and we obtain a re-entrant route covering
the whole board, which is represented in the second of the diagrams
given on page 160. Euler showed how seven other re-entrant routes can
be deduced from any given re-entrant route.

It is not difficult to apply the method so as to form a route which
begins on one given cell and ends on any other given cell.

Euler next investigated how his method could be modified so as to
allow of the imposition of additional restrictions.

An interesting example of this kind is where the first 32 moves are
confined to one half of the board. One solution of this is delineated
below. The order of the first 32 moves can be determined by Euler’s

58143 (60]137(52141|62|35 50(45(62141(60139(54|35
49146 (5714216136 |53 |40 634251148 |53|36|57 (38
44159(48151|38|55(34(63 46149(44161]40(59]34 (55
47150145156 (33)164|39 |54 43164 (47152|33|56|37 (58
221713211 124(13|18|15 2615 (2411120(15]32|11
311212316 (19(16|27(12 23121271 8129(12|17|14

2114 129110(|25|14 |17 6 (254 (21116119110 |31

3019 (20] 5 [28]|11(26 3122 712819 [30]13(18
FEuler’s Half-board Solution. Roget’s Half-board Solution.

method. It is obvious that, if to the number of each such move we
add 32, we shall have a corresponding set of moves from 33 to 64 which
would cover the other half of the board; but in general the cell numbered
33 will not be a knight’s move from that numbered 32, nor will 64 be
a knight’s move from 1.

Euler however proceeded to show how the first 32 moves might be
determined so that, if the half of the board containing the correspond-
ing moves from 33 to 64 was twisted through two right angles, the two
routes would become united and re-entrant. If x and y are the num-
bers of a cell reckoned from two consecutive sides of the board, we may
call the cell whose distances are respectively x and y from the opposite
sides a complementary cell. Thus the cells (z,y) and (9 —x,9 — y) are
complementary, where z and y denote respectively the column and row
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occupied by the cell. Then in Euler’s solution the numbers in comple-
mentary cells differ by 32: for instance, the cell (3,7) is complementary
to the cell (6,2), the one is occupied by 57, the other by 25.

Roget’s method, which is described later, can be also applied to
give half-board solutions. The result is indicated on the facing page.
The close of Euler’s memoir is devoted to showing how the method
could be applied to crosses and other rectangular figures. I may note
in particular his elegant re-entrant symmetrical solution for a square
of 100 cells.

The next attempt of any special interest is due to Vandermonde”,
who reduced the problem to arithmetic. His idea was to cover the
board by two or more independent routes taken at random, and then
to connect the routes. He defined the position of a cell by a fraction
x/y, whose numerator z is the number of the cell from one side of the
board, and whose denominator y is its number from the adjacent side of
the board; this is equivalent to saying that x and y are the co-ordinates
of a cell. In a series of fractions denoting a knight’s path, the differences
between the numerators of two consecutive fractions can be only one
or two, while the corresponding difference between their denominators
must be two or one respectively. Also z and y cannot be less than 1 or
greater than 8. The notation is convenient, but Vandermonde applied
it merely to obtain a particular solution of the problem for a board
of 64 cells: the method by which he effected this is analogous to that
established by Euler, but it is applicable only to squares of an even
order. The route that he arrives at is defined in his notation by the
following fractions.

5 4 2 4 5 7 8 6 7 8 6 8 7 5 6 8 7 5 6 5 4 2 1 3 2
57 37 4> 57 32 4”27 1° 37 17 27 3> 1’ 27 4> 5° 7’ 8’ 6> 4’ 6’ 5> 7’ 8’ 6’
i3 1 2 4 3 12 4 3 13 2 13 1 2 4 3 1 2 4 3 4 5
8’ 77 62 8 7’ 57 47 27 17 32 27 17 37 17 2 3% 17 27 42 5 77 8 6’ 47 6’
T 8§ 6 7 8 6 8 7T 5 6 8 7 5 6
5 786”8 76”8 75 42 17 3"

The path is re-entrant but unsymmetrical. Had he transferred the
first three fractions to the end of this series he would have obtained
two symmetrical circuits of thirty-two moves joined unsymmetrically,
and might have been enabled to advance further in the problem. Van-
dermonde also considered the case of a route in a cube.

*  L’Histoire de I’Académie des Sciences for 1771, Paris, 1774, pp. 566-574.
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In 1773 Collini” proposed the exclusive use of symmetrical routes
arranged without reference to the initial cell, but connected in such a
manner as to permit of our starting from it. This is the foundation
of the modern manner of attacking the problem. The method was re-
invented in 1825 by Pratt’, and in 1840 by Roget, and has been subse-
quently employed by various writers. Neither Collini nor Pratt showed
skill in using this method. The rule given by Roget is described later.

One of the most ingenious of the solutions of the knight’s path is
that given in 1823 by Warnsdorff*. His rule is that the knight must be
moved always to one of the cells from which it will command the fewest
squares not already traversed. The solution is not symmetrical and not
re-entrant; moreover it is difficult to trace practically. The rule has not
been proved to be true, but no exception to it is known: apparently it
applies also to all rectangular boards which can be covered completely
by a knight. It is somewhat curious that in most cases a single false
step, except in the last three or four moves, will not affect the result.

Warnsdorff added that when, by the rule, two or more cells are open
to the knight, it may be moved to either or any of them indifferently.
This is not so, and with great ingenuity two or three cases of failure
have been constructed, but it would require exceptionally bad luck to
happen accidentally on such a route.

The above methods have been applied to boards of various shapes,
especially to boards in the form of rectangles, crosses, and circles?.

All the more recent investigations impose additional restrictions:
such as to require that the route shall be re-entrant, or more generally
that it shall begin and terminate on given cells.

The best complete solution with which I am acquainted—and one
which I believe is not generally known—is due to Roget!. It divides
the whole route into four circuits, which can be combined so as to
enable us to begin on any cell and terminate on any other cell of a

Solution du Probléme du Cavalier au Jeu des échecs, Mannheim, 1773.

1t Studies of Chess, sixth edition, London, 1825.

1 Des Rosselsprunges einfachste und allgemeinste Lésung, Schmalkalden, 1823:
see Jaenisch, vol. 11, pp. 56-61, 273-289.

§  See ex. gr. T. Ciccolini’s work Del Cavallo degli Scacchi, Paris, 1836.

|| Philosophical Magazine, April, 1840, series 3, vol. XvI, pp. 305-309; see also

the Quarterly Journal of Mathematics for 1877, vol. X1v, pp. 354-359. Some

solutions, founded on Roget’s method, are given in the Leisure Hour, Sept. 13,

1873, pp. 587-590; see also Ibid., Dec. 20, 1873, pp. 813-815.
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different colour. Hence, if we like to select this last cell at a knight’s
move from the initial cell, we obtain a re-entrant route. On the other
hand, the rule is applicable only to square boards containing (4n)? cells:
for example, it could not be used on the board of the French jeu des
dames, which contains 100 cells.

Roget began by dividing the board of 64 cells into four quarters.
Each quarter contains 16 cells, and these 16 cells can be arranged in
4 groups, each group consisting of 4 cells which form a closed knight’s
path. All the cells in each such path are denoted by the same letter
l, e, a, or p, as the case nay be. The path of 4 cells indicated by the
consonants [ and the path indicated by the consonants p are diamond-
shaped: the paths indicated respectively by the vowels e and a are
square-shaped, as may be seen by looking at one of the four quarters
in figure i below.

llelalpll]lelalp 34151(32115]38(53]18]| 3
alplllelalp|l]|e 3114355217 2 13954
ell|plalelllp]|a 50(33[16|29|56|37| 4 |19
plalel|ll]lplalel]l 13(130({49(36] 1 [20]|55]40
llelalpll]elalp 48163 (28| 9 144|57122] 5
al|lp|lflelalp]|l]e 27124516421 | 8 |41]58
ell|plalell]|p]|a 62(47[10125]160(43| 6 |23
plale plale 11(26(61(46] 7 |24]159|42
Roget’s Solution (i). Roget’s Solution (ii).

Now all the 16 cells on a complete chess-board which are marked
with the same letter can be combined into one circuit, and wherever
the circuit begins we can make it end on any other cell in the circuit,
provided it is of a different colour to the initial cell. If it is indifferent on
what cell the circuit terminates we may make the circuit re-entrant, and
in this case we can make the direction of motion round each group (of
4 cells) the same. For example, all the cells marked p can be arranged
in the circuit indicated by the successive numbers 1 to 16 in figure ii
above. Similarly all the cells marked a can be combined into the circuit
indicated by the numbers 17 to 23; all the [ cells into the circuit 33 to
48; and all the e cells into the circuit 49 to 64. Each of the circuits
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indicated above is symmetrical and re-entrant. The consonant and the
vowel circuits are said to be of opposite kinds.

The general problem will be solved if we can combine the four
circuits into a route which will start from any given cell, and terminate
on the 64th move on any other given cell of a different colour. To effect
this Roget gave the two following rules.

First. If the initial cell and the final cell are denoted the one by a
consonant and the other by a vowel, take alternately circuits indicated
by consonants and vowels, beginning with the circuit of 16 cells indi-
cated by the letter of the initial cell and concluding with the circuit
indicated by the letter of the final cell.

Second. If the initial cell and the final cell are denoted both by
consonants or both by vowels, first select a cell, Y, in the same circuit as
the final cell, Z, and one move from it, next select a cell, X, belonging
to one of the opposite circuits and one move from Y. This is always
possible. Then, leaving out the cells Z and Y, it always will be possible,
by the rule already given, to travel from the initial cell to the cell X in
62 moves, and thence to move to the final cell on the 64th move.

In both cases however it must be noticed that the cells in each
of the first three circuits will have to be taken in such an order that
the circuit does not terminate on a corner, and it may be desirable
also that it should not terminate on any of the border cells. This will
necessitate some caution. As far as is consistent with these restrictions
it is convenient to make these circuits re-entrant, and to take them and
every group in them in the same direction of rotation.

As an example, suppose that we are to begin on the cell numbered
1 in figure ii on the previous page, which is one of those in a p circuit,
and to terminate on the cell numbered 64, which is one of those in an
e circuit. This falls under the first rule: hence first we take the 16
cells marked p, next the 16 cells marked a, then the 16 cells marked [,
and lastly the 16 cells marked e. One way of effecting this is shown in
the diagram. Since the cell 64 is a knight’s move from the initial cell
the route is re-entrant. Also each of the four circuits in the diagram
is symmetrical, re-entrant, and taken in the same direction, and the
only point where there is any apparent breach in the uniformity of
the movement is in the passage from the cell numbered 32 to that
numbered 33.

A rule for re-entrant routes, similar to that of Roget, has been
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given by various subsequent writers, especially by De Polignac™ and by
Laquiere’, who have stated it at much greater length. Neither of these
authors seems to have been aware of Roget’s theorems. De Polignac,
like Roget, illustrates the rule by assigning letters to the various squares
in the way explained above, and asserts that a similar rule is applicable
to all even squares.

Roget’s method can be also applied to two half-boards, as indicated
in the figure given above on page 162.

Another way of dividing the board into closed circuits which can
be connected was given in 1843 by Moon*. He divided the board into a

alblc|ldlalb|c|d 63122[15140| 1 [42]59(18
cld|alblc|d|a 14139(64(21(60|17| 2 |43
blalA|B|C|Dld]|c 3762123116411 4 119158
d|c|C|D|A|B|b|a 24113 (38161(20|57 (44| 3
a|b|B|A|D|C|c|d 11(36(25(52]129(46] 5 |56
c|ld|D|C|B|A b 265112133 8 |155(30|45
bla|d|c|bl|a c 351101492853 |32|47( 6
dliclblald|c|b]|a 50273419 (48] 7 [54]31
Moon’s Solution. Jaenisch’s Solution.

central square containing 42 cells and a surrounding annulus (see figure
on this page). The annulus may be divided into four closed circuits,
each containing 12 cells: these are marked respectively with the letters
a, b, ¢, d. The central square may be divided similarly into four closed
circuits, each containing 4 cells, denoted by the letters A, B, C, D.
We can connect these routes as follows. If we are moving outwards
from the central square to the annulus we can go from a cell A either
to b or to ¢ or to d (but not to a) and similarly for the other letters.
If we are moving inwards from the annulus to the central square we
must go from a to D, or d to A, or b to C, or ¢ to B, as the case may
be. Thus if the initial cell is on a, we might take either of the cycles

*  Comptes Rendus, April, 1861; and Bulletin de la Société Mathématique de
France, 1881, vol. 1X, pp. 17-24.

1 Bulletin de la Société Mathématique de France, 1880, vol. Vi1, pp. 82-102, 132—
158.

1 Cambridge Mathematical Journal, 1843, vol. 111, pp. 233-236.
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aDbCdAcB,oraDcBdAbC. By following these rules we
always can connect the routes into one path, but in general it will not
be re-entrant. It is convenient to take the cells in each circuit in one
and the same direction, but a circuit in the outer annulus must not end
in a corner cell, and to avoid this we may have to alter the direction
in which a circuit is taken.

Moon’s rule can be modified to cover the case of any doubly even
square board, and the path can be made to begin and end on any two
given squares, but I do not propose to go further into details.

The method which Jaenisch gives as the most fundamental is not
very different from that of Roget. It leads to eight forms, similar to that
in the diagram printed on the previous page, in which the sum of the
numbers in every column and every row is 260; but although symmetri-
cal it is not in my opinion so easy to reproduce as that given by Roget.

It is as yet impossible to say how many solutions of the problem
exist. Legendre” mentioned the question, but Minding' was the earliest
writer to attempt to answer it. More recent investigations have shown
that on the one hand the number of possible routes is lesst than the
number of combinations of 168 things taken 63 at a time, and on the
other hand is greater than 31,054144—since this latter number is the
number of re-entrant paths of a particular type?.

There are many similar problems in which it is required to deter-
mine routes by which a piece moving according to certain laws (ez. gr. a
chess-piece such as a king, knight, &c.) can travel from a given cell over
a board so as to occupy successively all the cells, or certain specified
cells, once and only once, and terminate its route in a given cell.

Euler’s method can be applied to find routes of this kind: for in-
stance, he applied it to find a re-entrant route by which a piece that
moved two cells forward like a castle and then one cell like a bishop
would occupy in succession all the black cells on the board. As another
instance, a castle, placed on a chess-board of n? cells, can always be
moved in such a manner that it shall move successively on to every
cell once and only once; moreover, starting on any cell, its path can be
made to terminate, if n be even, on any other cell of a different colour,

*  Théorie des Nombres, Paris, 2nd edition, 1830, vol. 11, p. 165.

t Cambridge and Dublin Mathematical Journal, 1852, vol. ViI, pp. 147-156; and
Crelle’s Journal, 1853, vol. XLIV, pp. 73-82.

1 Jaenisch, vol. 11, p. 268.

§  Bulletin de la Société Mathématique de France, 1881, vol. 1X, pp. 1-17.
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and, if n be odd, on any other cell of the same colour’. But it will
suffice to have discussed the classical problem of the determination of
a knight’s path on an ordinary chess-board, and I need not enter on
the discussion of other similar problems.

*  L’Intermédiaire des mathématiciens, Paris, July, 1901, p. 153.
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PART II.

Miscellaneous Egsaps and Problems.

“No man of science should think it a waste of
time to learn something of the history of his own
subject; nor is the investigation of laborious meth-
ods now fallen into disuse, or of errors once com-
monly accepted the least valuable of mental disci-
plines.”

“The most worthless book of a bygone day is
a record worthy of preservation. Like a telescopic
star, its obscurity may render it unavailable for
most purposes; but it serves, in hands which know
how to use it, to determine the places of more im-

portant bodies.”
(DE MORGAN.)

170
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CHAPTER VII.

THE MATHEMATICAL TRIPOS.

THE Mathematical Tripos has played so prominent a part in the
history of education at Cambridge and of mathematics in England, that
a sketch of its development”™ may be interesting to general readers.

So far as mathematics is concerned the history of the University
before Newton may be summed up very briefly. The University was
founded towards the end of the twelfth century. Throughout the mid-
dle ages the studies were organised on lines similar to those at Paris
and Oxford. To qualify for a degree it was necessary to perform var-
ious exercises, and especially to keep a number of acts or to oppose
acts kept by other students. An act consisted in effect of a debate in
Latin, thrown, at any rate in later times, into syllogistic form. It was
commenced by one student, the respondent, stating some proposition,
often propounded in the form of a thesis, which was attacked by one
or more opponents, the discussion being controlled by a graduate. The
teaching was largely in the hands of young graduates—every master of
arts being compelled to reside and teach for at least one year—though
no doubt Colleges and private hostels supplemented this instruction in
the case of their own students.

*  The following pages are mostly summarised from my History of the Study

of Mathematics at Cambridge, Cambridge 1889. The subject is also treated
in Whewell’s Liberal Education, Cambridge, three parts, 1845, 1850, 1853;
Wordsworth’s Scholae Academicae, Cambridge, 1877; my own Origin and His-
tory of the Mathematical Tripos, Cambridge, 1880; and Dr Glaisher’s Presiden-
tial Address to the London Mathematical Society, Transactions, vol XvIiI, 1886,
pp- 4-38.

171
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The Reformation in England was mainly the work of Cambridge
divines, and in the University the Renaissance was warmly welcomed.
In spite of the disorder and confusion of the Tudor period, new studies
and a system of professional instruction were introduced. Probably the
science (as distinct from the art) of mathematics, save so far as involved
in the quadrivium, was still an exotic study, but it was not wholly ne-
glected. Tonstall, subsequently the most eminent English arithmetician
of his time, migrated, perhaps about 1495, from Balliol College, Ox-
ford, to King’s Hall, Cambridge, and in 1530 the University appointed a
mathematical lecturer in the person of Paynell of Pembroke Hall. Most
of the subsequent English mathematicians of the Tudor period seem to
have been educated at Cambridge; of these I may mention Record, who
migrated, probably about 1535, from Oxford, Dee, Digges, Blundeville,
Buckley, Billingsley, Hill, Bedwell, Hood, Richard and John Harvey,
Edward Wright, Briggs, and Oughtred. The Elizabethan statutes re-
stricted liberty of thought and action in many ways, but, in spite of the
civil and religious disturbances of the early half of the 17th century the
mathematical school continued to grow. Horrox, Seth Ward, Foster,
Rooke, Gilbert Clerke, Pell, Wallis, Barrow, Dacres, and Morland may
be cited as prominent Cambridge mathematicians of the time.

Newton’s mathematical career dates from 1665; his reputation,
abilities, and influence attracted general attention to the subject. He
created a school of mathematics and mathematical physics, among
the earliest members of which I note the names of Laughton, Samuel
Clarke, Craig, Flamsteed, Whiston, Saunderson, Jurin, Taylor, Cotes,
and Robert Smith. Since then Cambridge has been regarded, as in
a special sense, the home of English mathematicians, and from 1706
onwards we have fairly complete accounts of the course of reading and
work of mathematical students there.

Until less than a century ago the form of the method of qualifying
for a degree remained substantially unaltered, but the subject-matter
of the discussions varied from time to time with the prevalent studies
of the place.

After the Renaissance some of the statutable exercises were “hud-
dled,” that is, were reduced to a mere form. To huddle an act, the
proctor generally asked some question such as Quid est nomen to which
the answer usually expected was Nescio. In these exercises considerable
license was allowed, particularly if there were any play on the words
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involved. For example, T. Brasse, of Trinity, was accosted with the
question, Quid est aes? to which he answered, Nescio nisi finis ex-
aminationis. It should be added that retorts such as these were only
allowed in the pretence exercises, and a candidate who in the actual
examination was asked to give a definition of happiness and replied
an exemption from Payne—that being the name of the moderator then
presiding—was plucked for want of discrimination in time and place. In
earlier years even the farce of huddling seems to have been unnecessary;,
for it was said in 1675 that it was not uncommon for the proctors to take
“cautions for the performance of the statutable exercises, and accept
the forfeit of the money so deposited in lieu of their performance.”

In medieval times acts had been usually kept on some scholastic
question or on a proposition taken from the Sentences. About the end
of the fifteenth century religious questions, such as the interpretation
of Biblical texts, began to be introduced, some fifty or sixty years later
the favourite subjects were drawn either from dogmatic theology or
from philosophy. In the seventeenth century the questions were usually
philosophical, but in the eighteenth century, under the influence of the
Newtonian school, a large proportion of them were mathematical.

Further details about these exercises and specimens of acts kept in
the 18th century are given in my History of Mathematics at Cambridge.
Here T will only say that they provided an admirable training in the
art of presenting an argument, and in dialectical skill in attack and
defence. The mental strain in a contested act was severe. De Morgan,
describing his act kept in 1826, wrote,

I was badgered for two hours with arguments given and answered in
Latin,—or what we call Latin—against Newton’s first section, Lagrange’s
derived functions, and Locke on innate principles. And though I took
off everything, and was pronounced by the moderator to have disputed
magno honore, I never had such a strain of thought in my life. For the

inferior opponents were made as sharp as their betters by their tutors,
who kept lists of queer objections drawn from all quarters.

Had the language of the discussions been changed to English, as was
repeatedly urged from 1774 onwards, these exercises might have been
retained with advantage, but the barbarous Latin and the syllogistic
form in which they were carried on prejudiced their retention.

About 1830 a custom grew up for the respondent and opponents to
meet previously and arrange their arguments together. The discussions

*  Budget of Paradoxes, by A. De Morgan, London, 1872, p. 305.
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then became an elaborate farce, and were a mere public performance
of what had been already rehearsed. Accordingly the moderators of
1839 took the responsibility of abandoning them. This action was
singularly high-handed, since a report of May 30, 1838, had recom-
mended that they should be continued, and there was no reason why
they should not have been reformed and retained as a useful feature
in the scheme of study.

On the result of the acts a list of those qualified to receive degrees
was drawn up. This list was not arranged strictly in order of merit,
because the proctors could insert names anywhere in it, but by the
beginning of the 18th century this power had become restricted to the
right reserved to the vice-chancellor, the senior regent, and each proctor
to place in the list one candidate anywhere he liked—a right which con-
tinued to exist till 1828, though it was not exercised after 1797. Subject
to the granting of these honorary degrees, this final list was arranged
in order of merit into wranglers and senior optimes, junior optimes,
and poll-men. The bachelors on receiving their degrees took seniority
according to their order on this list. The title wrangler is derived from
these contentious discussions; the title optime from the customary com-
pliment given by the moderator to a successful disputant, Domine. . .,
optime disputasti, or even optime quidem disputasti, and the title of
poll-man from the description of this class as ol moA\ot.

The final exercises for the B.A. degree were never huddled, and
until 1839 were carried out strictly. University officials were responsi-
ble for approving the subject-matter of these acts. Stupid men offered
some irrefutable truism, but the ambitious student courted reputation
by affirming some paradox. Probably all honour men kept acts, but
poll-men were deemed to comply with the regulations by keeping op-
ponencies. The proctors were responsible for presiding at these acts, or
seeing that competent graduates did so. In and after 1649 two examin-
ers were specially appointed for this purpose. In 1680° these examiners
were appointed by the Senate with the title of moderator, and with the
joint stipend of four shillings for everyone graduating as B.A. during
their year of office. In 1688 the joint stipend of the moderators was fixed
at £40 a year. The moderators, like the proctors, were nominated by
the Colleges in rotation.

From the earliest times the proctors had the power of questioning

* See Grace of October 25, 1680.
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a candidate at the end of a disputation, and probably all candidates
for a degree attended the public schools on certain days to give an op-
portunity to the proctors, or any master that liked, to examine them”,
though the opportunity was not always used. Different candidates at-
tended on different days. Probably such examinations were conducted
in Latin. But soon after 1710 the moderators or proctors began the
custom of summoning on one day in January all candidates whom they
proposed to question. The examination was held in public, and from
it the Senate-House Examination arose. The examination at this time
did not last more than one day, and was, there can be no doubt, partly
on philosophy and partly on mathematics. It is believed that it was
always conducted in English, and it is likely that its rapid development
was largely due to this.

This introduction of a regular oral examination seems to have been
largely due to the fact that when, in 1710, George I gave the Ely library
to the University, it was decided to assign for its reception the old
Senate-House—mnow the Catalogue Room in the Library—and to build
a new room for the meetings of the Senate. Pending the building of the
new Senate-House the books were stored in the Schools. As the Schools
were thus rendered unavailable for keeping acts, considerable difficulty
was found in arranging for all the candidates to keep the full number
of statutable exercises, and thus obtaining opportunities to compare
them one with another: hence the introduction of a supplementary
oral examination. The advantages of this examination as providing a
ready means of testing the knowledge and abilities of the candidates
were so patent that it was retained when the necessity for some system
of the kind had passed away, and finally it became systematized into
an organized test to which all questionists were subjected.

In 1731 the University raised the joint stipend of the moderators
to £60 “in consideration of their additional trouble in the Lent Term.”
This would seem to indicate that the Senate-House Examination had
then taken formal shape, and perhaps that a definite scheme for its
conduct had become customary.

Ex. gr. see De la Pryme’s account of his graduation in 1694, Surtees Society,
vol. L1v, 1870, p. 32.

1 W. Reneu, in his letters of 1708-1710 describing the course for the B.A. degree,
makes no mention of the Senate-House examination, and I think it is a reasonable
inference that it had not then been established.
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As long as the order of the list of those approved for degrees was
settled on the result of impressions derived from acts kept by the dif-
ferent candidates at different times and on different subjects, it was
impossible to arrange the men in strict order of merit, nor was much
importance attached to the order. But, with the introduction of an
examination of all the candidates on one day, much closer attention
was paid to securing a strict order of merit, and more confidence was
felt in the published order. It seems to have been consequent on this
that in and after 1747 the final lists were freely circulated, and it was
further arranged that the names of the honorary optimes should be
indicated. In the lists given in the Calendars issued subsequent to 1799
these names are struck out. It is only in exceptional cases that we are
acquainted with the true order for the earlier tripos lists, but in a few
cases the relative positions of the candidates are known; for example,
in 1680 Bentley came out as third though he was put down as sixth
in the list of wranglers.

Of the detailed history of the examination until the middle of the
eighteenth century we know nothing. From 1750 onwards, however, we
have more definite accounts of it. At this time, it would seem that all
the men from each College were taken together as a class, and questions
passed down by the proctors or moderators till they were answered: but
the examination remained entirely oral, and technically was regarded
as subsidiary to the discussions which had been previously held in the
schools. As each class contained men of very different abilities a custom
grew up by which every candidate was liable to be taken aside to be
questioned by any M.A. who wished to do so, and this was regarded as
an important part of the examination. The subjects were mathematics
and philosophy. The examination now continued for two days and a
half. At the conclusion of the second day the moderators received the
reports of those masters of arts who had voluntarily taken part in the
examination, and provisionally settled the final list; while the last half-
day was used in revising and re-arranging the order of merit.

Richard Cumberland has left an account of the tests to which he
was subjected when he took his B.A. degree in 1751. Clearly the dis-
putations still played an important part, and it is difficult to say what
weight was attached to the subsequent Senate-House examination; his
reference to it is only of a general character. After saying that he kept
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. . k
two acts and two opponencies he continues :

The last time I was called upon to keep an act in the schools I sent
in three questions to the Moderator, which he withstood as being all
mathematical, and required me to conform to the usage of proposing one
metaphysical question in the place of that, which I should think fit to
withdraw. This was ground I never liked to take, and I appealed against
his requisition: the act was accordingly put by till the matter of right
should be ascertained by the statutes of the university, and in the result
of that enquiry it was given for me, and my question stood.... I yielded
now to advice, and paid attention to my health, till we were cited to the
senate house to be examined for our Bachelor’s degree. It was hardly ever
my lot during that examination to enjoy any respite. I seemed an object
singled out as every man’s mark, and was kept perpetually at the table
under the process of question and answer.

It was found possible by means of the new examination to differen-
tiate the better men more accurately than before; and accordingly, in
1753, the first class was subdivided into two, called respectively wran-
glers and senior optimes, a division which is still maintained.

The semi-official examination by M.A.s was regarded as the more
important part of the test, and the most eminent residents in the Uni-

versity took part in it. Thus John Fenn, of Caius, 5th wrangler in
1761, writes':

On the following Monday, Tuesday, and Wednesday, we sat in the
Senate-house for public examination; during this time I was officially ex-
amined by the Proctors and Moderators, and had the honor of being taken
out for examination by Mr Abbot, the celebrated mathematical tutor of
St John’s College, by the eminent professor of mathematics Mr Waring,
of Magdalene, and by Mr Jebb of Peterhouse, a man thoroughly versed
in the academical studies.

This irregular examination by any master who chose to take part in it
constantly gave rise to accusations of partiality.

In 1763 the traditional rules for the conduct of the examination
took more definite shape. Henceforth the examiners used the disputa-
tions only as a means of classifying the men roughly. On the result of
their “acts,” and probably partly also of their general reputation, the
candidates were divided into eight classes, each arranged in alphabet-
ical order. The subsequent position of the men in the class was deter-
mined solely by the Senate-House examination. The first two classes

*  Memoirs of Richard Cumberland, London, 1806, pp. 78, 79.
1 Quoted by C. Wordsworth, Scholae Academicae, Cambridge, 1877, pp. 30-31.
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comprised all who were expected to be wranglers, the next four classes
included the other candidates for honours, and the last two classes con-
sisted of poll-men only. Practically anyone placed in either of the first
two classes was allowed, if he wished, to take an aegrotat senior optime,
and thus escape all further examination: this was called gulphing it.
All the men from one College were no longer taken together, but each
class was examined separately and wviva voce; and hence, since all the
students comprised in each class were of about equal attainments, it
was possible to make the examination more effective. Richard Watson,
of Trinity, claimed that this change was made by him when acting as
moderator in 1763. He says’:

There was more room for partiality. ..then [i.e. in 1759] than there is
now; and I attribute the change, in a great degree, to an alteration which
I introduced the first year I was moderator [i.e. in 1763], and which has
been persevered in ever since. At the time of taking their Bachelor of
Arts’ degree, the young men are examined in classes, and the classes are
now formed according to the abilities shown by individuals in the schools.
By this arrangement, persons of nearly equal merits are examined in the
presence of each other, and flagrant acts of partiality cannot take place.
Before I made this alteration, they were examined in classes, but the
classes consisted of members of the same College, and the best and worst
were often examined together.

It is probable that before the examination in the Senate-House began
a candidate, if manifestly placed in too low a class, was allowed the
privilege of challenging the class to which he was assigned. Perhaps
this began as a matter of favour, and was only granted in exceptional
cases, but a few years later it became a right which every candidate
could exercise; and I think that it is partly to its development that
the ultimate predominance of the tripos over the other exercises for
the degree is due.

In the same year, 1763, it was decided that the relative position
of the senior and second wranglers, namely, Paley, of Christ’s, and
Frere, of Caius, was to be decided by the Senate-House examination
and not by the disputations. Henceforward distinction in the Senate-
House examination was regarded as the most important honour open
to undergraduates.

In 1768 Dr Smith, of Trinity College, founded prizes for mathe-
matics and natural philosophy open to two commencing bachelors. The

*  Anecdotes of the Life of Richard Watson by Himself, London, 1817, pp. 18, 19.
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examination followed immediately after the Senate-House examination,
and the distinction, being much coveted, tended to emphasize the math-
ematical side of the normal University education of the best men. Since
1883 the prizes have been awarded on the result of dissertations.

Until now the Senate-House examination had been oral, but about
this time, circ. 1770, it began to be the custom to dictate some or
all of the questions and to require answers to be written. Only one
question was dictated at a time, and a fresh one was not given out
until some student had solved that previously read: a custom which
by causing perpetual interruptions to take down new questions must
have proved very harassing. We are perhaps apt to think that an ex-
amination conducted by written papers is so natural that the custom
is of long continuance, but I know no record of any in Europe earlier
than the eighteenth century. Until 1830 the questions for the Smith’s
Prize were dictated.

The following description of the Senate-House examination as it
existed in 1772 is given by Jebb'.

The moderators, some days before the arrival of the time prescribed
by the vice-chancellor, meet for the purpose of forming the students into
divisions of six, eight, or ten, according to their performance in the schools,
with a view to the ensuing examination.

Upon the first of the appointed days, at eight o’clock in the morning,
the students enter the senate-house, preceded by a master of arts from
each college, who. . .is called the “father” of the college. ..

After the proctors have called over the names, each of the moderators
sends for a division of the students: they sit with him round a table, with
pens, ink, and paper, before them: he enters upon his task of examination,
and does not dismiss the set till the hour is expired. This examination
has now for some years been held in the english language.

The examination is varied according to the abilities of the students.
The moderator generally begins with proposing some questions from the
six books of Euclid, plain trigonometry, and the first rules of algebra.
If any person fails in an answer, the question goes to the next. From
the elements of mathematics, a transition is made to the four branches
of philosophy, viz. mechanics, hydrostatics, apparent astronomy, and op-
tics, as explained in the works of Maclaurin, Cotes, Helsham, Hamil-
ton, Rutherforth, Keill, Long, Ferguson, and Smith. If the moderator
finds the set of questionists, under examination, capable of answering

*  See Grace of October 25, 1885; and the Cambridge University Reporter, October
23 and 30, 1883.
t  The Works of J. Jebb, London, 1787, vol. ii, pp. 290-297.
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him, he proceeds to the eleventh and twelfth books of Euclid, conic sec-
tions, spherical trigonometry, the higher parts of algebra, and sir Isaac
Newton’s Principia; more particularly those sections, which treat of the
motion of bodies in eccentric and revolving orbits; the mutual action of
spheres, composed of particles attracting each other according to various
laws; the theory of pulses, propagated through elastic mediums; and the
stupendous fabric of the world. Having closed the philosophical examina-
tion, he sometimes asks a few questions in Locke’s Essay on the human
understanding, Butler’s Analogy, or Clarke’s Attributes. But as the high-
est academical distinctions are invariably given to the best proficients
in mathematics and natural philosophy, a very superficial knowledge in
morality and metaphysics will suffice.

When the division under examination is one of the highest classes,
problems are also proposed, with which the student retires to a distant
part of the senate-house; and returns, with his solution upon paper, to
the moderator, who, at his leisure, compares it with the solutions of other
students, to whom the same problems have been proposed.

The extraction of roots, the arithmetic of surds, the invention of divis-
ers, the resolution of quadratic, cubic, and biquadratic equations; together
with the doctrine of fluxions, and its application to the solution of ques-
tions “de maximis et minimis,” to the finding of areas, to the rectification
of curves, the investigation of the centers of gravity and oscillation, and to
the circumstances of bodies, agitated, according to various laws, by cen-
tripetal forces, as unfolded, and exemplified, in the fluxional treatises of
Lyons, Saunderson, Simpson, Emerson, Maclaurin, and Newton, generally
form the subject matter of these problems.

When the clock strikes nine, the questionists are dismissed to break-
fast: they return at half past nine, and stay till eleven; they go in again
at half past one, and stay till three; and, lastly, they return at half-past
three, and stay till five.

The hours of attendance are the same upon the subsequent day.

On the third day they are finally dismissed at eleven.

During the hours of attendance, every division is twice examined in
form, once by each of the moderators, who are engaged for the whole time
in this employment.

As the questionists are examined in divisions of only six or eight at a
time, but a small portion of the whole number is engaged, at any partic-
ular hour, with the moderators; and, therefore, if there were no further
examination, much time would remain unemployed.

But the moderator’s inquiry into the merits of the candidates forms
the least material part of the examination.

The “fathers” of the respective colleges, zealous for the credit of the
societies, of which they are the guardians, are incessantly employed in
examining those students, who appear most likely to contest the palm of
glory with their sons.

This part of the process is as follows:
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The father of a college takes a student of a different college aside, and,
sometimes for an hour and an half together, strictly examines him in every
part of mathematics and philosophy, which he professes to have read.

After he hath, from this examination, formed an accurate idea of the
student’s abilities and acquired knowledge, he makes a report of his ab-
solute or comparative merit to the moderators, and to every other father
who shall ask him the question.

Besides the fathers, all masters of arts, and doctors, of whatever faculty
they be, have the liberty of examining whom they please; and they also
report the event of each trial, to every person who shall make the inquiry.

The moderators and fathers meet at breakfast, and at dinner. From
the variety of reports, taken in connection with their own examination, the
former are enabled, about the close of the second day, so far to settle the
comparative merits of the candidates, as to agree upon the names of four-
and-twenty, who to them appear most deserving of being distinguished by
marks of academical approbation.

These four-and-twenty [wranglers and senior optimes| are recom-
mended to the proctors for their private examination; and, if approved
by them, and no reason appears against such placing of them from any
subsequent inquiry, their names are set down in two divisions, according
to that order, in which they deserve to stand; are afterwards printed; and
read over upon a solemn day, in the presence of the vice-chancellor, and
of the assembled university.

The names of the twelve [junior optimes]|, who, in the course of the
examination, appear next in desert, are also printed, and are read over, in
the presence of the vice-chancellor, and of the assembled university, upon
a day subsequent to the former. ..

The students, who appear to have merited neither praise nor censure,
[the poll-men], pass unnoticed: while those, who have taken no pains to
prepare themselves for the examination, and have appeared with discredit
in the schools, are distinguished by particular tokens of disgrace.

Jebb’s statement about the number of wranglers and senior optimes
is only approximate.

It may be added that it was now frankly recognized that the exam-
ination was competitive . Also that though it was open to any member
of the Senate to take part in it, yet the determination of the relative
merit of the students was entirely in the hands of the moderators’. Al-
though the examination did not occupy more than three days it must
have been a severe physical trial to anyone who was delicate. It was
held in winter and in the Senate-House. That building was then noted

*  “Emulation, which is the principle upon which the plan is constructed.” The

Works of J. Jebb, London, 1787, vol. iii, p. 261.
t  The Works of J. Jebb, London, 1787, vol. iii, p. 272.
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for its draughts, and was not warmed in any way: and according to
tradition, on one occasion the candidates on entering in the morning
found the ink in the pots on their desks frozen.

The University was not altogether satisfied” with the scheme in
force, and in 1779" the scheme of examination was amended in various
respects. In particular the examination was extended to four days, a
third day being given up entirely to natural religion, moral philosophy,
and Locke. It was further announced* that a candidate would not re-
ceive credit for advanced subjects unless he had satisfied the examiners
in Euclid and elementary Natural Philosophy.

A system of brackets or “classes quam minimae” was now intro-
duced. Under this system the examiners issued on the morning of the
fourth day a provisional list of men who had obtained honours, with
the names of those of about equal merit bracketed, and that day was
devoted to arranging the names in each bracket in order of merit: the
examiners being given explicit authority to invite the assistance of oth-
ers in this work. Whether at this time a candidate could request to be
re-examined with the view of being moved from one bracket to another
is uncertain, but later this also was allowed.

Under the scheme of 1779 also the number of examiners was in-
creased to four, the moderators of one year becoming, as a matter
of course, the examiners of the next. Thus of the four examiners in
each year, two had taken part in the examination of the previous year,
and the continuity of the system of examination was maintained. The
names of the moderators appear on the tripos lists, but the names of
the examiners were not printed on the lists till some years later.

The right of any M.A. to take part in the examination was not
affected, though henceforth it was exercised more sparingly, and I be-
lieve was not insisted on after 1785. But it became a regular custom
for the moderators to invite particular M.A.s to examine and compare
specified candidates. Milner, of Queens’, was constantly asked to assist
in this way.

It was not long before it became an established custom that a
candidate, who was dissatisfied with the class in which he had been
placed as the result of his disputations, might challenge it before the

*  See Graces of July 5, 1773, and of February 17, 1774.
1t See Graces of March 19, 20, 1779.
I Notice issued by the Vice-Chancellor, dated May 19, 1779.


• Project • Gutenberg • #26839 •


CH. VII] THE MATHEMATICAL TRIPOS. 183

examination began. This power seems to have been used but rarely; it
was, however, a recognition of the fact that a place in the tripos list
was to be determined by the Senate-House examination alone, and the
examiners soon acquired the habit of settling the preliminary classes
without exclusive reference to the previous disputations.

The earliest papers actually set in the Senate-House, and now ex-
tant, are two problem papers set in 1785 and 1786 by W. Hodson, of
Trinity, then a proctor. The autograph copies from which he gave out
the questions were luckily preserved, and are in the library” of Trinity
College. They must be almost the last problem papers which were dic-
tated, instead of being printed and given as a whole to the candidates.

The problem paper in 1786 was as follows:

1. To determine the velocity with which a Body must be thrown, in a direc-
tion parallel to the Horizon, so as to become a secondary planet to the Earth; as
also to describe a parabola, and never return.

1
2. To demonstrate, supposing the force to vary as ER how far a body must

fall both within and without the Circle to acquire the Velocity with which a body
revolves in a Circle.

3. Suppose a body to be turned (sic) upwards with the Velocity with which
it revolves in an Ellipse, how high will it ascend? The same is asked supposing
it to move in a parabola.

1 1
4. Suppose a force varying first as D secondly in a greater ratio than 2

1
but less than D3 and thirdly in a less ratio than in each of these Cases to

37 2
determine whether at all, and where the body parting from the higher Apsid will
come to the lower.

5. To determine in what situation of the moon’s Apsid they go most forwards,
and in what situation of her Nodes the Nodes go most backwards, and why?

6. In the cubic equation z3 + gz + r = 0 which wants the second term;
supposing * = a + b and 3ab = —q, to determine the value of z.

7. To find the fluxion of 2" x (y" + z™)/4,
8. To find the fluent of ———.

a+x

9. To find the fluxion of the m'" power of the Logarithm of .

10. Of right-angled Triangles containing a given Area to find that whereof
the sum of the two legs AB + BC shall be the least possible. [This and the two
following questions are illustrated by diagrams. The angle at B is the right angle.]

11. To find the Surface of the Cone ABC. [The cone is a right one on a
circular base.]

12. To rectify the arc DB of the semicircle DBV

*  The Challis Manuscripts, 111, 61.
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In cases of equality in the Senate-House examination the acts were
still taken into account in settling the tripos order: and in 1786 when
the second, third, and fourth wranglers came out equal in the exami-
nation a memorandum was published that the second place was given
to that candidate who dialectis magis est versatus, and the third place
to that one who in scholis sophistarum melius disputavit.

There seem to have been considerable intervals in the examination
by the moderators, and the examinations by the extraneous examin-
ers took place in these intervals. Those candidates who at any time
were not being examined occupied themselves with amusements, pro-
vided they were not too boisterous and obvious: probably dice and
cards played a large part in them. Gunning in an amusing account of
his examination in 1788 talks of games with a teetotum” in which he
took part on the Wednesday (when Locke and Paley formed the sub-
jects of examination), but “which was carried on with great spirit. . . by
considerable numbers during the whole of the examination.”

About this time, 1790, the custom of printing the problem papers
was introduced, but until 1828 the other papers continued to be dic-
tated. Since 1827 all the papers have been printed.

I insert here the following letter’ from William Gooch, of Caius,
in which he describes his examination in the Senate-House in 1791. It
must be remembered that it is the letter of an undergraduate addressed
to his father and mother, and was not intended either for preservation
or publication: a fact which certainly does not detract from its value.

Monday % aft. 12.

We have been examin’d this Morning in pure Mathematics & I've
hitherto kept just about even with Peacock which is much more than I
expected. We are going at 1 o’clock to be examin’d till 3 in Philosophy.

From 1 till 7 I did more than Peacock; But who did most at Modera-
tor’s Rooms this Evening from 7 till 9, I don’t know yet;—but I did above
three times as much as the Sen” Wrangler last year, yet I'm afraid not so
much as Peacock.

Between One & three 0’Clock I wrote up 9 sheets of Scribbling Paper
so you may suppose I was pretty fully employ’d.

Tuesday Night.

I’'ve been shamefully us’d by Lax to-day;—Tho’ his anxiety for Peacock
must (of course) be very great, I never suspected that his Partially (sic)
wd get the better of his Justice. I had entertain’d too high an opinion of

H. Gunning, Reminiscences, second edition, London, 1855, vol. i, p. 82.
C.

*
T Wordsworth, Scholae Academicae, Cambridge, 1877, pp. 322-23.
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him to suppose it.—he gave Peacock a long private Examination & then
came to me (I hop’d) on the same subject, but 'twas only to Bully me
as much as he could,—whatever I said (tho’ right) he tried to convert
into Nonsense by seeming to misunderstand me. However I don’t entirely
dispair of being first, tho’ you see Lax seems determin’d that I shall not.—I
had no Idea (before I went into the Senate-House) of being able to contend
at all with Peacock.

Wednesday evening.

Peacock & T are still in perfect Equilibrio & the Examiners themselves
can give no guess yet who is likely to be first;—a New Examiner (Wood of
St. John’s, who is reckon’d the first Mathematician in the University, for
Waring doesn’t reside) was call’d solely to examine Peacock & me only.—
but by this new Plan nothing is yet determin’d.—So Wood is to examine
us again to-morrow morning.

Thursday evening.

Peacock is declar’d first & I second,—Smith of this Coll. is either 8"
or 9*" & Lucas is either 10" or 11*".—Poor Quiz Carver is one of the ol
nohlhol;—TI'm perfectly satisfied that the Senior Wranglership is Peacock’s
due, but certainly not so very indisputably as Lax pleases to represent
it—I understand that he asserts 'twas 5 to 4 in Peacock’s favor. Now
Peacock & I have explain’d to each other how we went on, & can prove
indisputably that it wasn’t 20 to 19 in his favor;—I cannot therefore be
displeas’d for being plac’d second, tho’ I'm provov’d (sic) with Lax for
his false report (so much beneath the Character of a Gentleman.)—

N.B. it is my very particular Request that you don’t mention Lax’s
behaviour to me to any one.

Such was the form ultimately taken by the Senate-House exami-
nation, a form which it substantially retained without alteration for
nearly half-a-century. It soon became the sole test by which candidates
were judged. The University was not obliged to grant a degree to any-
one who performed the statutable exercises, and it was open to the
University to refuse to pass a supplicat for the B.A. degree unless the
candidate had presented himself for the Senate-House examination. In
1790 James Blackburn, of Trinity, a questionist of exceptional abilities,
was informed that in spite of his good disputations he would not be
allowed a degree unless he also satisfied the examiners in the tripos. He
accordingly solved one “very hard problem,” though in consequence of
a dispute with the authorities he refused to attempt any more.”

It will be recollected that the examination was now compulsory on
all candidates pursuing the normal course for the B.A. degree. In 1791

*  Gunning, Reminiscences, second edition, London, 1855, vol. i, p. 182.
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the University laid down rules” for its conduct, so far as it concerned
poll-men, decreeing that those who passed were to be classified in four
divisions or classes, the names in each class to be arranged alphabet-
ically, but not to be printed on the official tripos lists. The classes in
the final lists must be distinguished from the eight preliminary classes
issued before the commencement of the examination. The men in the
first six preliminary classes were expected to take honours; those in the
seventh and eighth preliminary classes were prima facie poll-men.

In 1799 the moderators announced! that for the future they would
require every candidate to show a competent knowledge of the first
book of Euclid, arithmetic, vulgar and decimal fractions, simple and
quadratic equations, and Locke and Paley. Paley’s works seem to be
held in esteem by modern divines, and his Evidences, though not his
Philosophy, still remains (1905) one of the subjects of the Previous Ex-
amination, but his contemporaries thought less highly of his writings,
or at any rate of his Philosophy. Thus Best is quoted by Wordsworth?
as saying of Paley’s Philosophy, “The tutors of Cambridge no doubt
neutralize by their judicious remarks, when they read it to their pupils,
all that is pernicious in its principles”: so also Richard Watson, Bishop
of Llandaff, in his anecdotal autobiography®, says, in describing the
Senate-House examination in which Paley was senior wrangler, that
Paley was afterwards known to the world by many excellent produc-
tions, “though there are some...principles in his philosophy which I
by no means approve.”

In 1800 the moderators extended to all men in the first four pre-
liminary classes the privilege of being allowed to attempt the problem
papers: hitherto this privilege had been confined to candidates placed
in the first two classes. Until 1828 the problem papers were set in the
evenings, and in the rooms of the moderator.

The University Calendars date from 1796, and from 1802 to 1882
inclusive contain the printed tripos papers of the previous January. The
papers from 1801 to 1820 and from 1838 to 1849 inclusive were also
published in separate volumes, which are to be found in most public
libraries. No problems were ever set to the men in the seventh and

*  See Grace of April 8, 1791.

t  Communicated by the moderators to fathers of Colleges on January 18, 1799,
and agreed to by the latter.

1 C. Wordsworth, Scholae Academicae, Cambridge, 1877, p. 123.

§  Anecdotes of the Life of R. Watson, London, 1817, p. 19.
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eighth preliminary classes, which contained the poll-men. None of the
bookwork papers of this time are now extant, but it is believed that they
contained but few riders. Many of the so-called problems were really
pieces of bookwork or easy riders: it must however be remembered
that the text-books then in circulation were inferior and incomplete as
compared with modern ones.

The Calendar of 1802 contains a diffuse account of the examination.
It commences as follows:

On the Monday morning, a little before eight o’clock, the students,
generally about a hundred, enter the Senate-House, preceded by a master
of arts, who on this occasion is styled the father of the College to which
he belongs. On two pillars at the entrance of the Senate-House are hung
the classes and a paper denoting the hours of examination of those who
are thought most competent to contend for honours. Immediately after
the University clock has struck eight, the names are called over, and the
absentees, being marked, are subject to certain fines. The classes to be
examined are called out, and proceed to their appointed tables, where they
find pens, ink, and paper provided in great abundance. In this manner,
with the utmost order and regularity, two-thirds of the young men are
set to work within less than five minutes after the clock has struck eight.
There are three chief tables, at which six examiners preside. At the first,
the senior moderator of the present year and the junior moderator of the
preceding year. At the second, the junior moderator of the present and
the senior moderator of the preceding year. At the third, two moderators
of the year previous to the two last, or two examiners appointed by the
Senate. The two first tables are chiefly allotted to the six first classes; the
third, or largest, to the ol mtoAhot.

The young men hear the propositions or questions delivered by the
examiners; they instantly apply themselves; demonstrate, prove, work out
and write down, fairly and legibly (otherwise their labour is of little avail)
the answers required. All is silence; nothing heard save the voice of the
examiners; or the gentle request of some one, who may wish a repetition of
the enunciation. It requires every person to use the utmost dispatch; for
as soon as ever the examiners perceive anyone to have finished his paper
and subscribed his name to it another question is immediately given. ..

The examiners are not seated, but keep moving round the tables, both
to judge how matters proceed and to deliver their questions at proper
intervals. The examination, which embraces arithmetic, algebra, flux-
ions, the doctrine of infinitesimals and increments, geometry, trigonom-
etry, mechanics, hydrostatics, optics, and astronomy, in all their various
gradations, is varied according to circumstances: no one can anticipate a
question, for in the course of five minutes he may be dragged from Euclid
to Newton, from the humble arithmetic of Bonnycastle to the abstruse
analytics of Waring. While this examination is proceeding at the three
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tables between the hours of eight and nine, printed problems are delivered
to each person of the first and second classes; these he takes with him to
any window he pleases, where there are pens, ink, and paper prepared for
his operations.

The examination began at eight. At nine o’clock the papers had to
be given up, and half-an-hour was allowed for breakfast. At half-past
nine the candidates came back, and were examined in the way described
above till eleven, when the Senate-House was again cleared. An interval
of two hours then took place. At one o’clock all returned to be again
examined. At three the Senate-House was cleared for half-an-hour,
and, on the return of the candidates, the examination was continued
till five. At seven in the evening the first four classes went to the senior
moderator’s rooms to solve problems. They were finally dismissed for
the day at nine, after eight hours of examination. The work of Tuesday
was similar to that of Monday: Wednesday was partly devoted to logic
and moral philosophy. At eight o’clock on Thursday morning a first
list was published with all candidates of about equal merits bracketed.
Until nine o’clock a candidate had the right to challenge anyone above
him to an examination to see which was the better. At nine a second
list came out, and a candidate’s right of challenge was then confined to
the bracket immediately above his own. If he proved himself the equal
of the man so challenged his name was transferred to the upper bracket.
To challenge and then to fail to substantiate the claim to removal to
a higher bracket was considered rather ridiculous. Revised lists were
published at 11 a.m., 3 p.m., and 5 p.m., according to the results of
the examination during that day. At five the whole examination ended.
The proctors, moderators, and examiners then retired to a room under
the Public Library to prepare the list of honours, which was sometimes
settled without much difficulty in a few hours, but sometimes not before
2 a.m. or 3 a.m. the next morning. The name of the senior wrangler
was generally announced at midnight, and the rest of the list the next
morning. In 1802 there were eighty-six candidates for honours, and
they were divided into fifteen brackets, the first and second brackets
containing each one name only, and the third bracket four names.

It is clear from the above account that the competition fostered by
the examination had developed so much as to threaten to impair its
usefulness as guiding the studies of the men. On the other hand, there
can be no doubt that the carefully devised arrangements for obtaining
an accurate order of merit stimulated the best men to throw all their
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energies into the work for the examination. It is easy to point out the
usual double-edged result of a strict order of merit. The problem before
the University was to retain its advantages while checking any abuses
to which it might lead.

It was the privilege of the moderators to entertain the proctors
and some of the leading resident mathematicians the night before the
issue of the final list, and to communicate that list in confidence to
their guests. This pleasant custom survived till 1884. I revived the
practice in 1890 when acting as senior moderator, but it seems to have
now ceased.

In 1806 Sir Frederick Pollock was senior wrangler, and in 1869 in
answer to an appeal from De Morgan for an account of the mathemat-
ical study of men at the beginning of the century he wrote a letter”
which is sufficiently interesting to bear reproduction:

I shall write in answer to your inquiry, all about my books, my studies,
and my degree, and leave you to settle all about the proprieties which my
letter may give rise to, as to egotism, modesty, &c. The only books I read
the first year were Wood’s Algebra (as far as quadratic equations), Bon-
nycastle’s ditto, and Euclid (Simpson’s). In the second year I read Wood
(beyond quadratic equations), and Wood and Vince, for what they called
the branches. In the third year I read the Jesuit’s Newton and Vince’s
Fluzions; these were all the books, but there were certain Mss. floating
about which I copied—which belonged to Dealtry, second wrangler in
Kempthorne’s year. I have no doubt that I had read less and seen fewer
books than any senior wrangler of about my time, or any period since;
but what I knew I knew thoroughly, and it was completely at my fingers’
ends. I consider that I was the last geometrical and flurional senior wran-
gler; I was not up to the differential calculus, and never acquired it. I
went up to college with a knowledge of Euclid and algebra to quadratic
equations, nothing more; and I never read any second year’s lore during
my first year, nor any third year’s lore during my second; my forte was,
that what I did know I could produce at any moment with PERFECT ac-
curacy. 1 could repeat the first book of Euclid word by word and letter
by letter. During my first year I was not a ‘reading’ man (so called); I
had no expectation of honours or a fellowship, and I attended all the lec-
tures on all subjects—Harwood’s anatomical, Woollaston’s chemical, and
Farish’s mechanical lectures—but the examination at the end of the first
year revealed to me my powers. I was not only in the first class, but it was
generally understood I was first in the first class; neither I nor any one for
me expected I should get in at all. Now, as I had taken no pains to pre-
pare (taking, however, marvellous pains while the examination was going

*  Memoir of A. de Morgan, London, 1882, pp. 387-392.
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on), I knew better than any one else the value of my examination qualities
(great rapidity and perfect accuracy); and I said to myself, ‘If you’re not
an ass, you'll be senior wrangler;” and I took to ‘reading’ accordingly. A
curious circumstance occurred when the Brackets came out in the Senate-
house declaring the result of the examination: I saw at the top the name
of Walter bracketed alone (as he was); in the bracket below were Fiott,
Hustler, Jephson. 1 looked down and could not find my own name till I
got to Bolland, when my pride took fire, and I said, ‘I must have beaten
that man, so I will look up again;” and on looking up carefully I found the
nail had been passed through my name, and I was at the top bracketed
alone, even above Walter. You may judge what my feelings were at this
discovery; it is the only instance of two such brackets, and it made my
fortune—that is, made me independent, and gave me an immense college
reputation. It was said I was more than half of the examination before any
one else. The two moderators were Hornbuckle, of St John’s, and Brown
(Saint Brown), of Trinity. The Johnian congratulated me. I said perhaps
I might be challenged; he said, ‘Well, if you are you’re quite safe—you
may sit down and do nothing, and no one would get up to you in a whole
day.’...

Latterly the Cambridge examinations seem to turn upon very different
matters from what prevailed in my time. I think a Cambridge education
has for its object to make good members of society—not to extend science
and make profound mathematicians. The tripos questions in the Senate-
house ought not to go beyond certain limits, and geometry ought to be
cultivated and encouraged much more than it is.

To this De Morgan replied:

Your letter suggests much, because it gives possibility of answer. The
branches of algebra of course mainly refer to the second part of Wood,
now called the theory of equations. Waring was his guide. Turner—
whom you must remember as head of Pembroke, senior wrangler of 1767—
told a young man in the hearing of my informant to be sure and attend
to quadratic equations. ‘It was a quadratic,” said he, ‘made me senior
wrangler.” It seems to me that the Cambridge revivers were Waring,
Paley, Vince, Milner.

You had Dealtry’s Mss. He afterwards published a very good book
on fluxions. He merged his mathematical fame in that of a Claphamite
Christian. It is something to know that the tutor’s MS. was in vogue in
1800-1806.

Now—how did you get your conic sections? How much of Newton did
you read? From Newton direct, or from tutor’s manuscript?

Surely Fiott was our old friend Dr Lee. I missed being a pupil of
Hustler by a few weeks. He retired just before I went up in February
1823. The echo of Hornbuckle’s answer to you about the challenge has
lighted on Whewell, who, it is said, wanted to challenge Jacob, and was
answered that he could not beat [him] if he were to write the whole day
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and the other wrote nothing. I do not believe that Whewell would have
listened to any such dissuasion.

I doubt your being the last fluxional senior wrangler. So far as I know,
Gipps, Langdale, Alderson, Dicey, Neale, may contest this point with you.

The answer of Sir Frederick Pollock to these questions is dated
August 7, 1869, and is as follows.

You have put together as revivers five very different men. Woodhouse
was better than Waring, who could not prove Wilson’s (Judge of C.P.)
guess about the property of prime numbers; but Woodhouse (I think) did
prove it, and a beautiful proof it is. Vince was a bungler, and I think
utterly insensible of mathematical beauty.

Now for your questions. I did not get my conic sections from Vince.
I copied a Ms. of Dealtry. I fell in love with the cone and its sections,
and everything about it. I have never forsaken my favourite pursuit; I
delighted in such problems as two spheres touching each other and also
the inside of a hollow cone, &c. As to Newton, I read a good deal (men
now read nothing), but I read much of the notes. I detected a blunder
which nobody seemed to be aware of. Tavel, tutor of Trinity, was not;
and he argued very favourably of me in consequence. The application
of the Principia I got from Mss. The blunder was this: in calculating
the resistance of a globe at the end of a cylinder oscillating in a resisting
medium they had forgotten to notice that there is a difference between
the resistance to a globe and a circle of the same diameter.

The story of Whewell and Jacob cannot be true. Whewell was a very,
very considerable man, I think not a great man. I have no doubt Jacob
beat him in accuracy, but the supposed answer cannot be true; it is a mere
echo of what actually passed between me and Hornbuckle on the day the
Tripos came out—for the truth of which I vouch. I think the examiners
are taking too practical a turn; it is a waste of time to calculate actually
a longitude by the help of logarithmic tables and lunar observations. It
would be a fault not to know how, but a greater to be handy at it.

A few minor changes in the Senate-House examinations were made
in 1808". A fifth day was added to the examination. Of the five days
thus given up to it three were devoted to mathematics, one to logic,
philosophy, and religion, and one to the arrangement of the brackets.
Apart from the evening paper the examination on each of the first three
days lasted six hours. Of these eighteen hours, eleven were assigned to
book-work and seven to problems. The problem papers were set from
6 to 10 in the evening.

* See Graces, December 15, 1808.
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A letter from Whewell dated January 19, 1816, describes his ex-
amination in the Senate-House".

Jacob. Whewell. Such is the order in which we are fixed after a week’s
examination. ..l had before been given to understand that a great deal
depended upon being able to write the greatest possible quantity in the
smallest time, but of the rapidity which was actually necessary I had
formed the most distant idea. I am upon no occasion a quick writer, and
upon subjects where I could not go on without sometimes thinking a little
I soon found myself considerably behind. I was therefore surprised, and
even astonished, to find myself bracketed off, as it is called, in the second
place; that is, on the day when a new division of the classes is made for
the purpose of having a closer examination of the respective merits of men
who come pretty near to each other, I was not classed with anybody, but
placed alone in the second bracket. The man who is at the head of the
list is of Caius College, and was always expected to be very high, though
I do not know that anybody expected to see him so decidedly superior as
to be bracketed off by himself.

The tendency to cultivate mechanical rapidity was a grave evil, and
lasted long after Whewell’s time. According to rumour the highest
honours in 1845 were obtained, to the general regret of the University,
by assiduous practice in writing.

The devotion of the Cambridge school to geometrical and fluxional
methods has led to its isolation from contemporary continental mathe-
maticians. Early in the nineteenth century the evil consequence of this
began to be recognized; and it was felt to be little less than a scandal
that the researches of Lagrange, Laplace, and Legendre were unknown
to many Cambridge mathematicians save by repute. An attempt to
explain the notation and methods of the calculus as used on the Conti-
nent was made by R. Woodhouse, who stands out as the apostle of the
new movement. It is doubtful if he could have brought analytical meth-
ods into vogue by himself; but his views were enthusiastically adopted
by three students, Peacock, Babbage, and Herschel, who succeeded in
carrying out the reforms he had suggested. They created an Analytical
Society which Babbage explained was formed to advocate “the princi-
ples of pure d-ism as opposed to the dot-age of the University.” The
character of the instruction in mathematics at the University has at all
times largely depended on the text-books then in use, and the impor-

* S. Douglas, Life of W. Whewell, London, 1881, p. 20.
1 For a contemporary account of this see C.A. Bristed, Five Years in an English
University, New York, 1852, pp. 233-239.
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tance of good books of this class was emphasized by a traditional rule
that questions should not be set on a new subject in the tripos unless
it had been discussed in some treatise suitable and available for Cam-
bridge students”. Hence the importance attached to the publication of
the work on analytical trigonometry by Woodhouse in 1809, and of the
works on the differential calculus issued by members of the Analytical
Society in 1816 and 1820.

In 1817 Peacock, who was moderator, introduced the symbols for
differentiation into the papers set in the Senate-House examination.
But his colleague continued to use the fluxional notation. Peacock
himself wrote on March 17 of 1817 (i.e. shortly after the examination)
on the subject as follows':

I assure you...that I shall never cease to exert myself to the utmost

in the cause of reform, and that I will never decline any office which may

increase my power to effect it. I am nearly certain of being nominated to

the office of Moderator in the year 1818-19, and as I am an examiner in

virtue of my office, for the next year I shall pursue a course even more

decided than hitherto, since I shall feel that men have been prepared for

the change, and will then be enabled to have acquired a better system

by the publication of improved elementary books. I have considerable

influence as a lecturer, and I will not neglect it. It is by silent perseverance

only that we can hope to reduce the many-headed monster of prejudice,

and make the University answer her character as the loving mother of

good learning and science.

In 1818 all candidates for honours, that is, all men in the first six
preliminary classes, were allowed to attempt the problems: this change
was made by the moderators.

In 1819 G. Peacock, who was again moderator, induced his col-
league to adopt the new notation. It was employed in the next year
by Whewell, and in the following year by Peacock again. Henceforth
the calculus in its modern language and analytical methods were freely
used, new subjects were introduced, and for many years the examina-
tion provided a mathematical training fairly abreast of the times.

By this time the disputations had ceased to have any immediate
effect on a man’s place in the tripos. Thus Whewell!, writing about
his duties as moderator in 1820, said:

* See ex. gr., the Grace of November 14, 1827, referred to below.

Proceedings of the Royal Society, London, 1859, vol. ix, pp. 538-9.
1 Whewell’s Writings and Correspondence, ed. Todhunter, London, 1876, vol. ii,
p- 36.
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You would get very exaggerated ideas of the importance attached to
it [an Act] if you were to trust Cumberland; I believe it was formerly
more thought of than it is now. It does not, at least immediately, produce
any effect on a man’s place in the tripos, and is therefore considerably
less attended to than used to be the case, and in most years is not very
interesting after the five or six best men: so that I look for a considerable
exercise of, or rather demand for, patience on my part. The other part of
my duty in the Senate House consists in manufacturing wranglers, senior
optimes, etc. and is, while it lasts, very laborious.

Of the examination itself in this year he wrote as follows:

The examination in the Senate House begins to-morrow, and is rather
close work while it lasts. We are employed from seven in the morning till
five in the evening in giving out questions and receiving written answers to
them; and when that is over, we have to read over all the papers which we
have received in the course of the day, to determine who have done best,
which is a business that in numerous years has often kept the examiners
up the half of every night; but this year is not particularly numerous.
In addition to all this, the examination is conducted in a building which
happens to be a very beautiful one, with a marble floor and a highly
ornamented ceiling; and as it is on the model of a Grecian temple, and
as temples had no chimneys, and as a stove or a fire of any kind might
disfigure the building, we are obliged to take the weather as it happens
to be, and when it is cold we have the full benefit of it—which is likely to
be the case this year. However, it is only a few days, and we have done
with it.

A sketch of the examination in the previous year from the point of view
of an examinee was given by J.M.F. Wright!, but there is nothing of
special interest in it.

Sir George Airy* gave the following sketch of his recollections of
the reading and studies of undergraduates of his time and of the tripos
of 1823, in which he had been senior wrangler:

At length arrived the Monday morning on which the examination for
the B.A. degree was to begin.... We were all marched in a body to
the Senate-House and placed in the hands of the Moderators. How the
“candidates for honours” were separated from the ol toA\ot I do not know,
I presume that the Acts and the Opponencies had something to do with
it. The honour candidates were divided into six groups: and of these
Nos. 1 and 2 (united), Nos. 3 and 4 (united), and Nos. 5 and 6 (united),
received the questions of one Moderator. No. 1, Nos. 2 and 3 (united),

* S. Douglas, Life of Whewell, London, 1881, p. 56.
t  Alma Mater, London, 1827, vol. ii, pp. 58-98.
I See Nature, vol. 35, Feb. 24, 1887, pp. 397-399.
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Nos. 4 and 5 (united), and No. 6, received those of the other Moderator.
The Moderators were reversed on alternate days. There were no printed
question-papers: each examiner had his bound manuscript of questions,
and he read out his first question; each of the examinees who thought
himself able proceeded to write out his answer, and then orally called out
“Done.” The Moderator, as soon as he thought proper, proceeded with
another question. I think there was only one course of questions on each
day (terminating before 3 o’clock, for the Hall dinner). The examination
continued to Friday mid-day. On Saturday morning, about 8 o’clock, the
list of honours (manuscript) was nailed on the door of the Senate-House.

It must be remembered that for students pursuing the normal
course the Senate-House examination still provided the only avenue
to a degree. That examination involved a knowledge of the elements of
moral philosophy and theology, an acquaintance with the rules of for-
mal logic, and the power of reading and writing scholastic Latin, but
mathematics was the predominant subject, and this led to a certain
one-sidedness in education. The evil of this was generally recognized,
and in 1822 various reforms were introduced in the University cur-
riculum; in particular the Previous Examination was established for
students in their second year, the subjects being prescribed Greek and
Latin works, a Gospel, and Paley’s Fuvidences. Set classical books were
introduced in the final examination of poll-men; and another honour
or tripos examination was established for classical students. These al-
terations came into effect in 1824; and henceforth the Senate-House
examination, so far as it related to mathematical students, was known
as the Mathematical Tripos.

In 1827 the scheme of examination in the Mathematical Tripos was
revised. By regulations” which came into operation in January, 1828,
another day was added, so that the examination extended over four
days, exclusive of the day of arranging the brackets; the number of
hours of examination was twenty-three, of which seven were assigned
to problems. On the first two days all the candidates had the same
questions proposed to them, inclusive of the evening problems, and the
examination on those days excluded the higher and more difficult parts
of mathematics, in order, in the words of the report, “that the can-
didates for honours may not be induced to pursue the more abstruse
and profound mathematics, to the neglect of more elementary knowl-
edge.” Accordingly, only such questions as could be solved without

* See the Grace, November 14, 1827.
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the aid of the differential calculus were set on the first day, and those
set on the second day involved only its elementary applications. The
classes were reduced to four, determined as before by the exercises in
the schools. The regulations of 1827 definitely prescribed that all the
papers should be printed. They are also noticeable as being the last
which gave the examiners power to ask wivd voce questions, though
such questions were restricted to “propositions contained in the math-
ematical works commonly in use in the University, or examples and
explanations of such propositions.” It was further recommended that
no paper should contain more questions than well-prepared students
could be expected to answer within the time allowed for it, but that if
any candidate, before the end of the time, had answered all the ques-
tions in the paper, the examiners might propose additional questions
vivd voce. The power of granting honorary optime degrees now ceased;
it had already fallen into abeyance. Henceforth the examination was
conducted under definite rules, and I no longer concern myself with the
traditions of the examination.

In the same year as these changes became effective the examina-
tion for the poll degree was separated from the tripos with different sets
of papers and a different schedule of subjects”. It was, however, still
nominally considered as forming part of the Senate-House examination,
and until 1858 those who obtained a poll degree were arranged in four
classes, described as fourth, fifth, sixth, and seventh, as if in continu-
ation of the junior optimes or third class of the tripos. The year 1828
therefore shews us the Senate-House examination dividing into two dis-
tinct parts; one known as the mathematical tripos, the other as the poll
examination. In 1851! the classical tripos was made independent of the
mathematical tripos, and thus provided a separate avenue to a degree.
Historically, the examination usually known as “the General” represents
the old Senate-House examination for the poll-men, but gradually it has
been moved to an earlier period in the normal course taken by the men.
In 1852 another set of examinations, at first called “the professor’s ex-
aminations,” and now somewhat modified and known as “the Specials,”
was instituted for all poll-men to take before they could qualify for a
degree. In 1858 the fiction that the poll-examinations were part of

*  See Grace, May 21, 1828, confirming a Report of March 27, 1828.

1. ‘1850’ corrected to ‘1851’ as per errata sheet
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the Senate-House examination was abandoned, and subsequently they
have been treated as providing an independent method of obtaining the
degree: thus now the mathematical tripos is the sole representative of
the old Senate-House examination. Since 1858 numerous other ways of
obtaining the degree have been established, and it is now possible to
get it by shewing proficiency in very special, or even technical subjects.

Further changes in the mathematical tripos were introduced in
1833". The duration of the examination, before the issue of the brack-
ets, was extended to five days, and the number of hours of examination
on each day was fixed at five and a-half. Seven and a-half hours were
assigned to problems. The examination on the first day was confined
to subjects that did not require the differential calculus, and only the
simplest applications of the calculus were permitted on the second and
third days. During the first four days of the examination the same
papers were set to all the candidates alike, but on the fifth day the ex-
amination was conducted according to classes. No reference was made
to vivd voce questions, and the preliminary classification of the brackets
only survived in a permission to re-examine candidates if it were found
necessary. This permissive rule remained in force till 1848, but I believe
that in fact it was never used. In December, 1834, a few unimportant
details were amended.

Mr Earnshaw, the senior moderator in 1836, informed me that he
believed that the tripos of that year was the earliest one in which all
the papers were marked, and that in previous years the examiners had
partly relied on their impression of the answers given.

New regulations came into forcel in 1839. The examination now
lasted for six days, and continued as before for five hours and a-half each
day. Eight and a-half hours were assigned to problems. Throughout
the whole examination the same papers were set to all candidates, and
no reference was made to any preliminary classes. It was no doubt in
accordance with the spirit of these changes that the acts in the schools
should be abolished, but they were discontinued by the moderators of
1839 without the authority of the Senate. The examination was for the
future confined! to mathematics.

*  See the Grace of April 6, 1832.

1t See Grace of May 30, 1838.

1 Under a badly-worded grace passed on May 11, 1842, on the recommendation of
a syndicate on theological studies, candidates for mathematical honours were,
after 1846, required to attend the poll examination on Paley’s Moral Philosophy,
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In the same year in which the new scheme came into force a pro-
posal to again reopen the subject was rejected (March 6).

The difficulty of bringing professorial lectures into relation with
the needs of students has more than once been before the Univer-
sity. The desirability of it was emphasized by a Syndicate in February,
1843, which recommended conferences at stated intervals between the
mathematical professors and examiners. This report foreshadowed the
creation of a Mathematical Board, but it was rejected by the Senate
on March 31.

A few years later the scheme of the examination was again recon-
structed by regulations” which came into effect in 1848. The dura-
tion of the examination was extended to eight days. The examination
lasted in all forty-four and a-half hours, twelve of which were devoted
to problems. The first three days were assigned to specified elementary
subjects; in the papers set on these days riders were to be set as well
as bookwork, but the methods of analytical geometry and the calculus
were excluded. After the first three days there was a short interval, at
the end of which the examiners issued a list of those who had so acquit-
ted themselves as to deserve mathematical honours. Only those whose
names were contained in this list were admitted to the last five days
of the examination, which was devoted to the higher parts of mathe-
matics. After the conclusion of the examination the examiners, taking
into account the whole eight days, brought out the list arranged in or-
der of merit. No provision was made for any rearrangement of this list
corresponding to the examination of the brackets. The arrangements
of 1848 remained in force till 1873.

In the same year as these regulations came into force, a Board of
Mathematical Studies (consisting of the mathematical professors, and
the moderators and examiners for the current year and the two pre-
ceding years) was constituted” by the Senate. From that time forward
their minutes supply a permanent record of the changes gradually in-
troduced into the tripos. I do not allude to subsequent changes which
only concern unimportant details of the examination.

In May, 1849, the Board issued a report in which, after giving a

the New Testament and Ecclesiastical History. This had not been the intention
of the Senate, and on March 14, 1855, a grace was passed making this clear.

* See Grace of May 13, 1846, confirming a report of March 23, 1846.

T See Grace of October 31, 1848.
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review of the past and existing state of the mathematical studies in
the University, they recommended that the mathematical theories of
electricity, magnetism, and heat should not be admitted as subjects
of examination. In the following year they issued a second report, in
which they recommended the omission of elliptical integrals, Laplace’s
coefficients, capillary attraction, and the figure of the earth considered
as heterogeneous, as well as a definite limitation of the questions in
lunar and planetary theory. In making these recommendations the
Board were only giving expression to what had become the practice
in the examination.

I may, in passing, mention a curious attempt which was made in
1853 and! 1854 to assist candidates in judging of the relative difficulty
of the questions asked. This was effected by giving to the candidates,
at the same time as the examination paper, a slip of paper on which
the marks assigned for the bookwork and rider for each question were
printed. I mention the fact merely because these things are rapidly for-
gotten and not because it is of any intrinsic value. I possess a complete
set of slips which came to me from Dr Todhunter.

In 1856 there was an amusing difference of opinion between the
Vice-Chancellor and the moderators. The Vice-Chancellor issued a
notice to say that for the convenience of the University he had directed
the tripos lists to be published at 8.0 a.m. as well as at 9.0 a.m., but
when the University arrived at 8.0 the moderators said that they should
not read the list until 9.0.

Considerable changes in the scheme of examination were introduced
in 1873. On December 5, 1865, the Board had recommended the ad-
dition of Laplace’s coefficients and the figure of the earth considered
as heterogeneous as subjects of the examination; the report does not
seem to have been brought before the Senate, but attention was called
to the fact that certain departments of mathematics and mathematical
physics found no place in the tripos schedules, and were neglected by
most students. Accordingly a syndicate was appointed on June 6, 1867,
to consider the matter, and a scheme drawn up by them was approved
in 1868" and came into effect in 1873. The new scheme of examination
was framed on the same lines as that of 1848. The subjects in the first

* See Grace of June 2, 1868. It was carried by a majority of only five in a house

of 75.

1. ‘1853 and’ inserted as per errata sheet
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three days were left unchanged, but an extra day was added, devoted
to the elements of mathematical physics. The essence of the modifi-
cation was the greatly extended range of subjects introduced into the
schedule of subjects for the last five days, and their arrangement in
divisions, the marks awarded to the five divisions being approximately
those awarded to the three days in proportion to 2, 1, 1, 1, 2/3 to 1
respectively. Under the new regulations the number of examiners was
increased from four to five.

The assignment of marks to groups of subjects was made under the
impression that the best candidates would concentrate their abilities
on a selection of subjects from the various divisions. But it was found
that, unless the questions were made extremely difficult, more marks
could be obtained by reading superficially all the subjects in the five
divisions than by attaining real proficiency in a few of the higher ones:
while the wide range of subjects rendered it practically impossible to
thoroughly cover all the ground in the time allowed. The failure was so
pronounced that in 1877 another syndicate was appointed to consider
the mathematical studies and examinations of the University. They
presented an elaborate scheme, but on May 13, 1878, some of the most
important parts of it were rejected and their subsequent proposals,
accepted on November 21, 1878 (by 62 to 49), represented a compromise
which pleased few members of the Senate”.

Under the new scheme which came into force in 1882 the tripos
was divided into two portions: the first portion was taken at the end of
the third year of residence, the range of subjects being practically the
same as in the regulations of 1848, and the result brought out in the
customary order of merit. The second portion was held in the following
January, and was open only to those who had been wranglers in the
preceding June. This portion was confined to higher mathematics and
appealed chiefly to specialists. The result was brought out in three
classes, each arranged in alphabetical order. The moderators and ex-
aminers conducted the whole examination without any extraneous aid.

In the next year or two further amendments were made’, moving
the second part to the June of the fourth year, throwing it open to

* See Graces of May 17, 1877; May 29, 1878; and November 21, 1878: and the
Cambridge University Reporter, April 2, May 14, June 4, October 29, Novem-
ber 12, and November 26, 1878.

1 See the Graces of December 13, 1883; June 12, 1884; February 10, 1885; Octo-
ber 29, 1885; and June 1, 1886.
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all men who had graduated in the tripos of the previous June, and
transferring the conduct of the examination in Part 2 to four examiners
nominated by the Board: this put it largely under the control of the
professors. The range of subjects of Part 2 was also greatly extended,
and candidates were encouraged to select only a few of them. It was
further arranged that Part 1 might be taken at the end of a man’s
second year of residence, though in that case it would not qualify for a
degree. A student who availed himself of this leave could take Part 2
at the end either of his third or of his fourth year as he pleased. The
tripos is still (1905) carried on under the scheme of 1886.

The general effect of these changes was to destroy the homogeneity
of the tripos. Objections to the new scheme were soon raised. Espe-
cially, it was said—whether rightly or wrongly—that Part 1 contained
too many technical subjects to serve as a general educational training
for any save mathematicians; that the distinction of a high place in
the historic list produced on its results tended to prevent the best men
taking it in their second year, though by this time they had read suf-
ficiently to be able to do so; and that Part 2 was so constructed as to
appeal only to professional mathematicians, and that thus the higher
branches of mathematics were neglected by all save a few specialists.

Whatever value be attached to these opinions, the number of stu-
dents studying mathematics fell rapidly under the scheme of 1886. In
1899 the Board proposed” further changes. These seemed to some mem-
bers of the Senate to be likely to still further decrease the number of
men who took up the subject as one of general education. At any rate
the two main proposals were rejected (February 15, 1900) by votes of
151 to 130 and 161 to 129.

The curious origin of the term tripos has been repeatedly told, and
an account of it may fitly close this chapter. Formerly there were three
principal occasions on which questionists were admitted to the title
or degree of bachelor. The first of these was the comitia priora, held
on Ash-Wednesday, for the best men in the year. The next was the
comitia posteriora, which was held a few weeks later, and at which any
student who had distinguished himself in the quadragesimal exercises
subsequent to Ash-Wednesday had his seniority reserved to him. Lastly,
there was the comitia minora, for students who had in no special way
distinguished themselves. In the fifteenth century an important part

* See Reports dated November 7, 1899, and January 20, 1900.
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in the ceremony on each of these occasions was taken by a certain
“ould bachilour,” who sat upon a three-legged stool or tripos before the
proctors and tested the abilities of the would-be graduates by arguing
some question with the “eldest son,” who was selected from them as
their representative. To assist the latter in what was often an unequal
contest his “father,” that is, the officer of his college who was to present
him for his degree, was allowed to come to his assistance.

Originally the ceremony was a serious one, and had a certain reli-
gious character. It took place in Great St Mary’s Church, and marked
the admission of the student to a position with new responsibilities,
while the season of Lent was chosen with a view to bring this into
prominence. The Puritan party objected to the observance of such ec-
clesiastical ceremonies, and in the course of the sixteenth century they
introduced much license and buffoonery into the proceedings. The part
played by the questionist became purely formal. A serious debate still
sometimes took place between the father of the senior questionist and
a regent master who represented the University; but the discussion was
prefaced by a speech by the bachelor, who came to be called Mr Tripos
just as we speak of a judge as the bench, or of a rower as an oar. Ulti-
mately public opinion permitted Mr Tripos to say pretty much what he
pleased, so long as it was not dull and was scandalous. The speeches he
delivered or the verses he recited were generally preserved by the Reg-
istrary, and were known as the tripos verses: originally they referred to
the subjects of the disputations then propounded. The earliest copies
now extant are those for 1575.

The University officials, to whom the personal criticisms in which
the tripos indulged were by no means pleasing, repeatedly exhorted him
to remember “while exercising his privilege of humour, to be modest
withal.” In 1740, says Mr Mullinger”, “the authorities after condemn-
ing the excessive license of the tripos announced that the comitia at
Lent would in future be conducted in the Senate-House; and all mem-
bers of the University, of whatever order or degree, were forbidden to
assail or mock the disputants with scurrilous jokes or unseemly witti-
cisms. About the year 1747-8, the moderators initiated the practice
of printing the honour lists on the back of the sheets containing the
tripos verses, and after the year 1755 this became the invariable prac-

* J.B. Mullinger, The University of Cambridge, Cambridge, vol. i, 1873, pp. 175,
176.
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tice. By virtue of this purely arbitrary connection these lists themselves
became known as the tripos; and eventually the examination itself, of
which they represented the results, also became known by the same
designation.”

The tripos ceased to deliver his speech about 1750, but the issue of
tripos verses continued for nearly 150 years longer. During the latter
part of this time they consisted of four sets of verses, usually in Latin,
but occasionally in Greek, in which current topics in the University were
treated lightly or seriously as the writer thought fit. They were written
for the proctors and moderators by undergraduates or commencing
bachelors, who were supposed each to receive a pair of white kid gloves
in recognition of their labours. Thus gradually the word tripos changed
its meaning “from a thing of wood to a man, from a man to a speech,
from a speech to sets of verses, from verses to a sheet of coarse foolscap
paper, from a paper to a list of names, and from a list of names to a
system of examination”.”

In 1895 the proctors and moderators, without consulting the Sen-
ate, sent in no verses, and thus, in spite of widespread regret, an in-
teresting custom of many centuries standing was destroyed. No doubt
it may be argued that the custom had never been embodied in statute
or ordinance, and thus was not obligatory. Also it may be said that
its continuance was not of material benefit to anybody. I do not think
that such arguments are conclusive, and personally I regret the disap-
pearance of historic ties unless it can be shown that they cause incon-
venience, which of course in this case could not be asserted.

*  Wordsworth, Scholae Academicae, Cambridge, 1877, p. 21.
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CHAPTER VIII.

THREE GEOMETRICAL PROBLEMS.

AMONG the more interesting geometrical problems of antiquity are
three questions which attracted the special attention of the early Greek
mathematicians. Our knowledge of geometry is derived from Greek
sources, and thus these questions have attained a classical position in
the history of the subject. The three questions to which I refer are
(i) the duplication of a cube, that is, the determination of the side of a
cube whose volume is double that of a given cube; (ii) the trisection of
an angle; and (iii) the squaring of a circle, that is, the determination
of a square whose area is equal to that of a given circle—each problem
to be solved by a geometrical construction involving the use of straight
lines and circles only, that is, by Euclidean geometry.

With the restriction last mentioned all three problems are insol-
uble”. To duplicate a cube the length of whose side is a, we have
to find a line of length z, such that 23 = 2a43. Again, to trisect a
given angle, we may proceed to find the sine of the angle, say a, then,
if x is the sine of an angle equal to one-third of the given angle, we
have 423 = 3z — a. Thus the first and second problems, when con-
sidered analytically, require the solution of a cubic equation; and since
a construction by means of circles (whose equations are of the form
22+ y* + ar + by + ¢ = 0) and straight lines (whose equations are of
the form ax 4+ By + v = 0) cannot be equivalent to the solution of a
cubic equation, it is inferred that the problems are insoluble if in our

* F. Klein, Vortrage tiber ausgewdhlte Fragen der Elementargeometrie, Leipzig,

1895.
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constructions we are restricted to the use of circles and right lines. If
the use of the conic sections is permitted, both of these questions can
be solved in many ways. The third problem is different in character,
but under the same restrictions it also is insoluble.

I propose to give some of the constructions which have been pro-
posed for solving the first two of these problems. To save space, I shall
not draw the necessary diagrams, and in most cases I shall not add the
proofs: the latter present but little difficulty. I shall conclude with some
historical notes on approximate solutions of the quadrature of the circle.

The Duplication of the Cube’.

The problem of the duplication of the cube was known in ancient
times as the Delian problem, in consequence of a legend that the Delians
had consulted Plato on the subject. In one form of the story, which is
related by Philoponus’, it is asserted that the Athenians in 430 B.cC.,
when suffering from the plague of eruptive typhoid fever, consulted the
oracle at Delos as to how they could stop it. Apollo replied that they
must double the size of his altar which was in the form of a cube. To the
unlearned suppliants nothing seemed more easy, and a new altar was
constructed either having each of its edges double that of the old one
(from which it followed that the volume was increased eight-fold) or by
placing a similar cubic altar next to the old one. Whereupon, according
to the legend, the indignant god made the pestilence worse than before,
and informed a fresh deputation that it was useless to trifle with him,
as his new altar must be a cube and have a volume exactly double that
of his old one. Suspecting a mystery the Athenians applied to Plato,
who referred them to the geometricians. The insertion of Plato’s name
is an obvious anachronism. Eratosthenes’ relates a somewhat similar
story, but with Minos as the propounder of the problem.

*  See Historia Problematis de Cubi Duplicatione by N.T. Reimer, Gottingen, 1798;
and Historia Problematis Cubi Duplicand: by C.H. Biering, Copenhagen, 1844:
also Das Delische Problem, by A. Sturm, Linz, 1895-7. Some notes on the
subject are given in my History of Mathematics.

1 Philoponus ad Aristotelis Analytica Posteriora, bk. 1, chap. vii.

1 Archimedis Opera cum FEutocii Commentariis, ed. Torelli, Oxford, 1792, p. 144;
ed. Heiberg, Leipzig, 1880-1, vol. 111, pp. 104-107.
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In an Arab work, the Greek legend was distorted into the following
extraordinarily impossible piece of history, which I cite as a curiosity
of its kind. “Now in the days of Plato,” says the writer, “a plague
broke out among the children of Israel. Then came a voice from heaven
to one of their prophets, saying, ‘Let the size of the cubic altar be
doubled, and the plague will cease’; so the people made another altar
like unto the former, and laid the same by its side. Nevertheless the
pestilence continued to increase. And again the voice spake unto the
prophet, saying, ‘They have made a second altar like unto the former,
and laid it by its side, but that does not produce the duplication of
the cube.” Then applied they to Plato, the Grecian sage, who spake to
them, saying, ‘Ye have been neglectful of the science of geometry, and
therefore hath God chastised you, since geometry is the most sublime
of all the sciences.” Now, the duplication of a cube depends on a rare
problem in geometry, namely...”. And then follows the solution of
Apollonius, which is given later.

If a is the length of the side of the given cube and z that of the
required cube, we have 2 = 243, that is, z : @ = +/2 : 1. It is probable
that the Greeks were aware that the latter ratio is incommensurable, in
other words, that no two integers can be found whose ratio is the same
as that of v/2 : 1, but it did not therefore follow that they could not
find the ratio by geometry: in fact, the side and diagonal of a square
are instances of lines whose numerical measures are incommensurable.

I proceed now to give some of the geometrical constructions which
have been proposed for the duplication of the cube”. With one ex-
ception, I confine myself to those which can be effected by the aid of
the conic sections.

Hippocrates' (circ. 420 B.C.) was perhaps the earliest mathemati-
cian who made any progress towards solving the problem. He did not
give a geometrical construction, but he reduced the question to that of
finding two means between one straight line (a), and another twice as
long (2a). If these means are x and y, we have a : x =z : y = y : 2a,
from which it follows that 2® = 2a3. It is in this form that the problem

*  On the application to this problem of the traditional Greek methods of analysis

by Hero and Philo (leading to the solution by the use of Apollonius’s circle), by
Nicomedes (leading to the solution by the use of the conchoid), and by Pappus
(leading to the solution by the use of the cissoid), see Geometrical Analysis by
J. Leslie, Edinburgh, second edition, 1811, pp. 247-250, 453.

1 Proclus, ed. Friedlein, pp. 212, 213.


• Project • Gutenberg • #26839 •


CH. VIII] THE DUPLICATION OF THE CUBE. 207

is always presented now. Formerly any process of solution by finding
these means was called a mesolabum.

One of the first solutions of the problem was that given by Archy-
tas” in or about the year 400 B.c. His construction is equivalent to the
following. On the diameter OA of the base of a right circular cylinder
describe a semicircle whose plane is perpendicular to the base of the
cylinder. Let the plane containing this semicircle rotate round the gen-
erator through O, then the surface traced out by the semicircle will cut
the cylinder in a tortuous curve. This curve will itself be cut by a right
cone, whose axis is OA and semi-vertical angle is (say) 60°, in a point
P, such that the projection of OP on the base of the cylinder will be to
the radius of the cylinder in the ratio of the side of the required cube
to that of the given cube. Of course the proof given by Archytas is geo-
metrical; and it is interesting to note that in it he shows himself familiar
with the results of the propositions Fuc. 111, 18, 111, 35, and x1, 19. To
show analytically that the construction is correct, take OA as the axis
of z, and the generator of the cylinder drawn through O as axis of z,
the